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Introduction

The conception of full autonomous robotic systems is an enduring ambition for hu-
mankind. Nowadays theoretical and technological advances have allowed engineers to
conceive complex systems that can replace humans in many tedious or dangerous ap-
plications. However, in order to considerably enlarge the flexibility and the domain of
applications of such autonomous systems we still need to face several scientific problems
at the crossroad of many domains like for example artificial intelligence, signal processing
and non-linear systems control.

Amidst these challenges, the perception of the environment and the interaction of the
robotic systems with the environment are fundamental problems in the design of such
autonomous systems. Indeed, the performance of an autonomous robot not only depends
on the accuracy, duration and reliability of its perception but also on the ability to use the
perceived information in automatic control loops to interact safely with the environment
despite unavoidable modeling and measurement errors. Thus, automatic environment
sensing and modeling, and robust sensor-based robot control are central scientific issues
in robotics.

Several exteroceptive sensors are commonly used in robotics: contact sensors (e.g.
force sensors, tactile sensors), GPS, sonars, laser telemeters, vision sensors, and even ol-
factory sensors. However, artificial vision is of particular importance and interest, mainly
due to its versatility and extended range of applicability. It can be used both for the per-
ception and modeling of the robot’s environment and for the control of the robot itself. In
this context, the spectrum of research is vast and I will focus on vision-based estimation
and control problems. Vision-based estimation refers to the methods and techniques ded-
icated to the extraction of the information that can be useful not only for the modeling
of the environment but also for robot control. In the case of robotic applications, major
challenges are to increase the efficiency, the accuracy and the robustness of the estimation
from visual data. Vision-based control refers to the methods and techniques dedicated
to the use of visual information in automatic control loops. The challenges are to choose
the appropriate visual information and to design stable control laws that are robust to
modeling and measurement errors.

The objective of this document is to review, analyze and discuss my research work on
these topics during the last ten years: two years as a Research Associate at the University
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of Cambridge (United Kingdom) and eight years as a Research Scientist at INRIA Sophia-
Antipolis (France). In order to acknowledge the contributions from all the colleagues and
students that have collaborated with me, I have tried as far as possible to cite all our
common publications. The document is divided into four chapters:

• Chapter 1 : Modeling and Statement of Research Problems.

This introductory chapter is dedicated to present, as generally as possible, the
vision-based estimation and control problems that have been considered by com-
puter vision and robotic researchers. I will start with general models that can be
used to classify and discuss the possible problems in parametric estimation and
robot control. However, in order to establish the basis for the more specific prob-
lems that I will address in the rest of the document, I also briefly describe the
specific models and assumptions that are commonly considered in the literature.

• Chapter 2 : Numerical Analysis.

This chapter considers numerical analysis methods that can be applied both to vi-
sual parametric estimation and vision-based control. Our research work has focused
on methods which suppose that the parametric functions are differentiable. The
main contribution has been to propose a new numerical method called Efficient
Second-order approximation Method (ESM). The main advantage of this method is
that, when applicable, it has faster convergence rate and larger convergence domain
than standard numerical methods. Thus, it can be used to improve the parametric
estimation and control from visual data.

• Chapter 3 : Vision-based parametric estimation.

This chapter details the vision-based parametric estimation problems that I have
addressed. Our research work has focused on monocular and stereo vision systems
composed by central cameras. The main contribution has been to propose efficient
methods to solve the image registration problem (visual tracking) and the prob-
lems of localization and/or mapping. These methods have been designed to meet
the requirements of efficiency, accuracy and robustness needed in real-time robotic
applications.

• Chapter 4 : Vision-based robot control.

This chapter, details the vision-based robot control problems that I have addressed.
Our research work has focused on vision-based control of robots that can be con-
sidered as ideal Cartesian motion devices (such for example omnidirectional mobile
robot or robot manipulators). The main contribution has been the design of robust
vision-based control schemes that do not need an exact measure of the intrinsic
parameters of the vision system and that do not need any “a priori” knowledge of
the structure of the observed scene. A particular emphasis has been given to the
theoretical analysis of the robustness of the control laws with respect to errors on
the uncertain parameters.



Chapter 1

Modeling and problems statement

The research work presented in this document is related to both computer vision and
automatic control. Indeed, my main objective has been to design robust methods to
control a robot evolving autonomously in natural environments using real-time vision
systems. In order to control the robot, not only we must be able to find its location with
respect to the environment but we may also need to recover a representation of the envi-
ronment itself. In this context, another objective of my research work has been devoted
to real-time parametric estimation from visual data. The aim of this chapter is to give
a general statement of the vision-based estimation and control problems that have been
considered by computer vision and robotic researchers. The more detailed description of
our contributions will be presented in Chapter 2, Chapter 3 and Chapter 4.

For both parametric estimation and control objectives, it is extremely important to
have simple and accurate models of the robot, the environment and of the vision system.
Despite the ideal objective would be to control any complex system in any unknown
environment with any vision system, such general solution is out of reach. Thus, only
limited models are currently used. The objective of this chapter is not only to introduce
these models but also to understand which are their limits in describing the reality.

The present chapter is organized as follows. First of all, I briefly introduce the models
that are considered in this document: the representation of the pose and of the structure
of rigid objects, their kinematics, as well as the some robot models. Then, I will describe
a general model based on an ideal plenoptic function that is able to describe any possible
vision system. This function can be used to classify research work on parametric estima-
tion from visual data and to analyze the related problems. Then, I will give a general
overview of the research problems on vision-based robot control that I have considered.
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1.1 Rigid bodies and robot models

1.1.1 Rigid body kinematics

Consider a rigid body in the Cartesian space (see Figure 1.1). A point P of the rigid body
can be represented with its Cartesian coordinates mr = (Xr, Yr, Zr) ∈ R

3 with respect to
an inertial reference frame Fr equipped with a right-handed Cartesian coordinate system
(in such a coordinate system, a rotation from the ~x-axis to the ~y-axis (about the ~z-axis)
is positive) which is attached to a point O. Let Fc be a current frame attached to a point
C and freely moving with respect to the inertial frame Fr.

t = ~OC

P

R

n

O

C

~OP

~CP

Figure 1.1: Configuration of a rigid body.

1.1.1.1 Representing pose and structure of a rigid body

The current pose of the rigid body (position and orientation) with respect to the moving
frame can be described by a (4×4) homogeneous transformation matrix rTc containing
the coordinates of the current frame Fc in the basis of the fixed frame Fr. The matrix
rTc ∈ SE(3) (see for example [Warner 71, Varadarajan 74, Hall 03]) can be written as:

rTc =

[
rRc

rtc

0 1

]
(1.1)

where rtc = ( ~OC)r ∈ R
3 is the translation vector and rRc ∈ SO(3) is the rotation

matrix of frame Fc with respect to frame Fr. The matrix rTc tell us where the current
frame Fc is with respect to the reference frame Fr. Let mc = (Xc, Yc, Zc) ∈ R

3 be
the coordinates of the same point P expressed in frame Fc. Using the homogeneous
coordinates mr = (mr, 1) and mc = (mc, 1), the coordinates of the point P in the
current frame Fc can be obtained from the coordinates in the reference frame Fr:

mc = cTr mr (1.2)
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where cTr = rTc
−1. The change of coordinates in equation (1.2) can also be written for

non-homogeneous coordinates as follows:

mc = τ (cTr,mr) = cRr mr + ctr (1.3)

The three points O, C and P are coplanar. Thus we can obtain from equation (1.3):

m⊤

r [rtc]×
rRc mc = m⊤

r [rEc]× mc = 0 (1.4)

where the (3 × 3) matrix rEc = [rtc]×
rRc is called the essential matrix.

When the point P belongs to a planar surface (see Figure 1.1) its coordinates satisfies
the following equation:

n⊤

r mr = 1 (1.5)

where nr is a vector normal to the plane such that ‖nr‖ = 1/dr (dr being the distance
between the plane and the point O). Thus, the point mr and mc are related by the
following equation:

mc = cHr mr (1.6)

where the (3 × 3) matrix cHr is called the homography matrix. This matrix can be
written as follows:

cHr = cRr + ctr nr (1.7)

Note that if det(H) = 0 the plane pass through the origin of the current frame.

1.1.1.2 Velocity of a rigid body

Consider a (4×4) matrix Ac ∈ se(3) (see [Warner 71, Varadarajan 74, Hall 03]) This
matrix contains the instantaneous rotation and translation velocities vectors ωc and νc

expressed in the current frame (i.e. the velocity of the frame Fc expressed in the current
frame itself):

Ac =

[
[ωc]× νc

0 0

]
(1.8)

The derivative of rTc can be written as:

rṪc =

[
rṘc

rṫc

0 0

]
= rTcAc (1.9)

One may want to express the velocity of the current frame not in the coordinate system
of the current frame itself but in the in the coordinate system of the reference frame.
Let Ar ∈ se(3) be the velocity of the current frame expressed in the coordinates of the
reference frame:

Ar =

[
[ωr]× νr

0 0

]
(1.10)

The derivative of rTc can be written as:

rṪc = Ar
rTc (1.11)
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From equations (1.9) and (1.11) we can compute Ar as a function of Ac:

Ar = rTc Ac
cTr (1.12)

Then, one can easily compute this very well know change of frame for the velocity:
[
νr

ωr

]
=

[
rRc [rtc]×

rRc

0 rRc

] [
νc

ωc

]
(1.13)

The velocity of a point in the current frame can be easily calculated by deriving equa-
tion (1.3) and using equation (1.9):

ṁc = −νc + [mc]× ωc (1.14)

1.1.2 Robot models

In this document, I will consider robots for which the kinematic model can be written as
follows:

ẋ =
m∑

i=1

uibi(x) (1.15)

where x ∈ R
n is a vector which contains local coordinates of the configurations space, ui

are the control input and bi(x) are the corresponding vector fields. I will give now two
examples of models for holonomic and non-holonomic robots.

1.1.2.1 Holonomic robots

Holonomic robots (like manipulator or omnidirectional mobile robots) can be viewed as
ideal Cartesian motion devices. Let me set in this case x = (t, r) ∈ R

6, where t ∈ R
3

is the translation vector and r ∈ R
3 is a local representation of the rotation. Thus, the

vector x is a local parametrization of SE(3)). Let me use the angle-axis representation
r = θu due to its links with Lie algebra (see [Warner 71], [Varadarajan 74], [Hall 03]).
The matrix rTc can be written as a function of x as follows:

rTc = T(x) =

[
exp([r]

×
) t

0 1

]
(1.16)

The derivative of the matrix rTc can be written:

rṪc = rTc Ac (1.17)

and thus Ac = T(x)−1Ṫ(x) (see equation 1.8). Let me set v = (νc,ωc) ∈ R
6. Rearrang-

ing equation (1.17), we can write:

ẋ = B(x)v (1.18)

where B(x) is a (6 × 6) matrix. We can identify this equation with equation (1.15) by
setting m = n = 6, ui = vi and bi(x) being the i-th column of the matrix B(x). I will
suppose that a low level controller exist such that the control input of the robot is directly
the Cartesian velocity v.
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1.1.2.2 Non-holonomic robots

Non-holonomic robots have kinematic constraints on the velocity in the configuration
space. This means that m < n in equation (1.15). For example, if we consider an
unicycle evolving on a planar surface we can set m = 2 and suppose that the vector
x ∈ R

3 is local representation of SE(2). Non-holonomic robots are generally critical non-
linear systems. Some tasks that can be easy accomplished by holonomic robots become
very complex for these systems. For example, positioning a non-holonomic robot can be
extremely difficult even if the robot is controllable [Morin 04].

1.2 Image models

The formation of an image depends on the geometry of the scene and its photometric
properties, on the distribution of the illumination sources and their photometric prop-
erties as well as on the intrinsic characteristics of the image sensor and its position and
orientation withe respect to the scene.

An image sensor is a device that captures light and converts it to an electric signal.
Let me suppose that the device is composed by a rectangular grid of photo-detectors
that may also be able to measure light wavelength (i.e. colors). Thus, an image can be
considered as a (su×sv×sc) tensor where sv is the number of pixel rows, su is the number
of pixel columns and sc is the number of color channels. A common assumption is to
suppose that the discrete signal measured by the image sensor has been sampled from a
smooth continuous-time signal. Let pc = (u, v) be the (2×1) vector in R

2 containing the
coordinates of a point in the sensor grid. Each point pc corresponds to an entry of the
tensor:

I(φ,pc) (1.19)

where φ is a vector containing some photometric parameters (see Section 1.2.1 for details).
We suppose that the light measured at point pc comes from a visible 3D point of the
scene mc. Thus, we suppose that a smooth projection function π exist such that:

pc = π(κ,mc) (1.20)

where κ are some projection parameters that depends on the camera model (see Sec-
tion 1.2.2). From equation (1.3) we can write mc as a function of the coordinates mr

of the same point in the inertial reference frame and of the matrix rTc which allows the
coordinate transformation from the current frame to the inertial reference frame. Plug-
ging equations (1.20) and (1.3) into (1.19) and grouping all the coordinates mr of the 3D
points in a single vector γ = (m1,m2, . . . ,mp) we obtain the following function:

ψ(φ,κ,γ,T) = {I(φ,π(κ, τ (T,m1))), . . . ,I(φ,π(κ, τ (T,mp)))} (1.21)

This function can be interpreted as a generalization of the plenoptic function proposed
by [Adelson 91]. The general plenoptic mapping in equation (1.21) is an ideal function
that describes everything that is visible from any pose in space, for any camera, for any
structure and for any illumination (and at any time).
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I will give now some examples of standard models that are generally used to describe
the plenoptic function. These models will be considered in the rest of the document.

1.2.1 Photometric models

1.2.1.1 Non Lambertian surfaces

According to major illumination models, the luminance at a particular pixel p is due to
diffuse, specular and ambient reflections:

I(φ,pc) = Is(φs,pc) + Id(φd,pc) + Ia (1.22)

where φ = (φs,φd) and φs and φd are parameters that depends on the illumination
model (e.g. [Blinn 77], or [Cook 82]). The ambient intensity Ia is constant. The specular
reflections parameters φs also depends on the position of the image sensor with respect
to the observed surface. The diffusion parameters φd depends amongst other parameters
(e.g. the albedo) on how the surface face the light sources.

1.2.1.2 Lambertian surfaces

Lambertian surfaces or ”ideal diffuse surfaces” are surfaces for which the image intensity
of a pixel depends only how the surface face the light sources (i.e. there are no specular
reflexions). Equation (1.22) can be written

I(φ,pc) = Id(φd,pc) + Ia, (1.23)

where φ = φd contains the diffusion parameters only. Thus, if the we observe a static
environment and the light sources are fixed, then two corresponding pixels into two
different images will have the same intensity. This particular case corresponds to the well
known “Brightness Constancy Assumption”.

1.2.2 Projection models

As already mentioned we suppose that a parametric smooth function π exist such that:

pc = π(κ,mc) = π(κ, τ (cTr,mr))

The parameters contained in the vector κ are called the camera intrinsic parameters and
depends on the considered projection model. There are two main group of cameras:

• Central cameras: for a central camera all the light rays forming the image meet in
the same point called the center of projection.

• Non-central cameras: for a non central camera the light rays forming the image
meet in more that one center of projection. The set of center of projections is
called a caustic and it determines the characteristics of the camera.

In the document, I will consider central cameras only. I will describe now the models
that are generally used for this type of cameras.
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1.2.2.1 Central catadioptric cameras

Using the unified model for central catadioptric cameras proposed by [Baker 99], [Geyer 00],
and [Barreto 02], the image point pc is obtained by a projection of mc onto a unit sphere,
followed by a map projection onto a virtual plane, followed by a coordinate distortion and
finally followed by an affine coordinate transformation. The point mc can be projected
on the unit sphere S in a 3D point having coordinates sc = (Xs, Ys, Zs):

sc =
mc

‖mc‖
(1.24)

Then, the projection from a points points sc to a 2D image point pc can be described by
a projective mapping c : S

2 7→ R
2:

pc = c(κ, sc)

where κ is a vector which contains the camera intrinsic parameters. I will suppose that
the map c is invertible and sc = c−1(κ,pc). For example, the function c for a generic
camera can be written as follows. The map projection of the point sc on the sphere (from
a projection point Cp) to a point qc = (x, y) on a virtual plane can be written:

qc = h(ξ, sc) =

(
Xs

Zs − ξ
,

Ys

Zs − ξ

)
(1.25)

where ξ is a parameter which defines the characteristic of the camera: The point qc may
be distorted to the point qd = (xd, yd):

qd = d(δ,qc)

where δ is a vector containing the parameter of the distortion model. Typical distortion
models are given in [Weng 92]. Finally, the virtual point is projected on the image plane
into the point pc = (u, v):

pc = k(ρ,qd) = (ρ1 xd + ρ2 yd + ρ3, ρ4 yd + ρ5) (1.26)

It has been shown by [Courbon 07] that this model can also approximate well several
projection models for central dioptric cameras (fish-eyes cameras).

1.2.2.2 Pinhole cameras

In the particular case when there is no mirror ξ = 0 and no image distortion δ = 0 the
camera is a pinhole. Using homogeneous coordinates, the equation (1.26) can be written
as:

p
c
= Kq

c
(1.27)

where K is a (3 × 3) triangular matrix containing the camera intrinsic parameters:

K =




f f s u0

0 f r v0

0 0 1


 (1.28)
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where (u0, v0) are the coordinates of the principal point (in pixels), f is the focal length
measured in pixel, s is the skew and r is the aspect ratio. Note that equation 1.27 can
also be written:

p ∝
[
K 0

]
m

This projection model has been widely used since it is a very good approximation for
many commercial cameras with good quality lenses.

1.3 Problems statement

The principal objective of my research work has been to design robust methods for para-
metric visual estimation and for controlling a robot in large scale environments using
a vision system. The information acquired by the vision system can be described by a
non-linear system of equations (see Section 1.1). The evolution of the state of the robot
can be described by a system of differential equations (see Section 1.2). Thus, in general
the overall non-linear dynamic system can be represented by the following state space
equations:

ẋ(t) = g(x(t),u(t), t) (1.29)

y(t) = h(η(t),x(t)) (1.30)

where x is the state of the system, u is the control input, g is a smooth vector function
describing the evolution of the state of the system and y is the output vector represented
by a smooth vector function h. The function h depends on the pose of the vision system
contained in x but also on the camera intrinsic parameters and on the structure of the
environment contained in the vector η. The problems related to the estimation of these
information from visual data are described in Section 1.3.1. Then, in Section 1.3.2 I will
discuss the problems related to the stabilization of the non-linear dynamic system using
visual information.

1.3.1 Estimation from visual data

The function h that describes the behavior of the output y of the vision system can be
represented using the general plenoptic function described in Section 1.2. Let me consider
the most general case where the vision system is composed by nc synchronized cameras
with varying intrinsic parameters (e.g. zooming cameras) that observe a non-rigid scene.
In this case the output y(t) of the vision system contains a collection of images acquired
at the same time by all the cameras of the vision system. The output y(t) can be obtained
by rearranging all the nc plenoptic functions in a single vector:

y(t) = {ψ(φ1(t),κ1(t),γ(t),T2(t)), . . . ,ψ(φnc
(t),κnc

(t),γ(t),Tnc
(t))} (1.31)

Suppose we have a set of visual data y(ti) acquired at times ti, ∀i ∈ {1, 2, ni}, (i.e. a
collection of images or a video sequence). Suppose also that we have a perfect model of
the plenoptic function (see Section 1.2). Thus, some parameters φk(ti), κk(ti), Tk(ti)
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and mj(ti) exist such that I(φk(ti),π(κk(ti), τ (Tk(ti),mj(ti)))) = I ijk, ∀i, j, k. Thus,
the problem of parameters estimation from the observed visual data is equivalent to the
solution of the following system of non-linear equations ∀i, j, k:

I(φk(ti),π(κk(ti), τ (Tk(ti),mj(ti)))) = I ijk (1.32)

An exhaustive description of all possible methods and algorithms that have been proposed
to solve this non-linear problem is beyond the scope of this document. The reader may
refer to numerous well-known textbooks like [Faugeras 93], [Hartley 00], [Faugeras 01]
[Ma 03]. Despite the impressive achievements of computer vision scientists, there still
exist three challenging set of problems related to the solution of this non-linear system
of equations.

The first set of problems concerns the modeling of the plenoptic function. The para-
metric model of the plenoptic function is supposed to be perfect. Obviously, this as-
sumption is not true in general. Thus, the problem is how to find simple, accurate, and
general models of the plenoptic function. Simple means that only few parameters are
needed to represent the model. Accurate means that the model can fit the measures
accurately. General means that the same model can be applied to most of the existing
vision systems.

The second set of problems concerns data association. The photodetectors of the
imaging device are supposed to instantaneously measure the light coming from an ideal
3D point. These assumptions are not true in general since during the exposure time the
photodetectors integrates the light coming from a portion of a 3D surface. When the
shutter speed is not fast enough we can have blur on moving objects. Moreover, the
pixel resolution of the imaging device being fixed, the intensity of the same portion of
a 3D surface will not always be measured by a single pixel. Even assuming an almost
instantaneous shutter and the light coming from an ideal 3D point, how to obtain a precise
correspondence of the 3D coordinates mj(ti) and the pixel intensity I ijk ? Similarly,
how to obtain a precise correspondence of the intensity I ijk of one image point and
the intensity of the corresponding points in the other images ? This last problem can
be simplified assuming the visual data come from a video sequence acquired with a
sufficiently fast frame rate. This allows us to suppose that two corresponding pixels are
adjacent into two consecutive images.

The third set of problems concerns the solution of the non-linear system. The plenop-
tic function is supposed to be smooth and noiseless. This assumption is generally not true
but it allows us to use numerical methods that compute the derivatives of the function.
Even supposing that the problem is well posed, how can we robustly and efficiently solve
the system of non-linear equations for real-time applications ? Robustness with respect
to aberrant measures (i.e. outliers) is necessary since it is impossible to obtain a per-
fect representation of the plenoptic function. Efficiency is extremely important for fast
real-time application (like vision-based control) and it can be obtained in two ways. One
possibility it to simplify the system of equations. For example can we eliminate some of
the unknowns to obtain a smaller nonlinear system (e.g. subspace methods , invariance
...). The second possibility is to use efficient numerical methods for the solution of the
nonlinear system. Whatever is the method used to solve the nonlinear system we need
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to know if the problem is well posed. Computer vision and robotic scientists have soon
realized that in this very general form the problem may not have a unique solution (not
surprisingly since inverse problems are generally not well posed). Typically, there are
more unknown parameters than equations. Thus, some additional constraints are added
to the original nonlinear system in order to obtain a well posed problem. The exhaustive
description of all possible assumptions is out of the scope of this document. However
some of them are very common for many problems that are of interest for real-time ap-
plications. For example, a very usual assumption is to suppose that the camera observe
a rigid Lambertian surface that is static with respect to the sources of illumination. This
assumption allows to reduce considerably the number of unknown parameters since we
can set φk(ti) = φ and mj(ti) = mj. Another technique to reduce the number of un-
known parameters is regularization. For example, we can suppose that the observed scene
is piecewise planar or that it is composed by smooth surfaces. Temporal regularization
is also a common assumption (i.e. assuming that the parameters vary slowly in time or
that the collection of images comes from a video sequence). The estimation problem can
also become well posed if we assume that the true values of some parameters are already
known “a priori”. Even if this may be a very strong assumption, this solution has been
widely used. In the following sections I will detail three standard class of problems that
have been considered by computer vision and robotic scientists.

1.3.1.1 Calibration of the vision system

One of the first problems addressed by robotic vision scientists has been the estimation
of the intrinsic parameters of a vision system. The reason why these parameters deserve
a particular attention is that in many applications they can be considered constant so
that they can be estimated once and for all. Suppose that we observe several images of a
known rigid object (a calibration grid for example) and that the intrinsic parameters of
the cameras are constant κk(ti) = κk (i.e. the cameras do not zoom). Since the object
is known the coordinates mj(ti) = mj of all the 3D points of the object are known in a
reference frame. Finally, suppose that we know that the intensity I ijk measured by each
image sensor corresponds to the point mj. Thus, we can solve the following system of
non linear equations:

I(φk(ti),π(κk, τ (Tk(ti),mj))) = I ijk (1.33)

This problem is called the “camera calibration problem” and several solutions have been
proposed in the literature. Even if only one image of a known grid can be sufficient to
solve the problem, several images are generally considered in order to obtain a precise
estimation of the parameters.

1.3.1.2 Localization and/or mapping

Suppose now that the camera intrinsic parameters have been recovered once and for all
κk = κk and that we observed a rigid scene (i.e. mj(ti) = mj). Then one may be
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interested to solve the simultaneous localization and mapping problem:

I(φk(ti),π(κk, τ (Tk(ti),mj))) = I ijk (1.34)

where the structure and the translations of the camera can be estimated only up to a
scale factor if we do not have any additional constraint.

Another problem of interest in robotic vision is the reconstruction of the structure
from known motion. Indeed, if a calibrated vision system is mounted on a well calibrated
robot we are able to measure the displacement Tk(ti) for each image. Thus the problem
becomes:

I(φk(ti),π(κk, τ (Tk(ti),mj))) = I ijk (1.35)

Another problem of interest is the localization of the vision system when the model of
the object is known. The localization can be obtained by solving the following system:

I(φk(ti),π(κk, τ (Tk(ti),mj))) = I ijk (1.36)

This problem is closely related to the camera calibration problem but here only the
camera displacement and the photometric parameters are unknown. The localization of
the vision system can also be obtained if the structure mj is unknown but the vision
system has multiple calibrated cameras (e.g. a calibrated stereo pair). In this case the
poses of the cameras one with respect to each other are known.

1.3.1.3 Self-calibration of the vision system

If we observe an unknown rigid object and the cameras intrinsic parameters are not
constant (e.g. if we consider zooming cameras) then the problem of estimating all possible
parameters is called the “camera self-calibration problem”:

I(φk(ti),π(κk(ti), τ (Tk(ti),mj))) = I ijk (1.37)

This problem is generally not well posed and it cannot always be solved. For example,
consider the very simple case of a pinhole camera with constant camera parameters
κk(ti) = κk observing a motionless Lambertian surface. The camera self-calibration
problem cannot be solved if the camera does not rotate. If all the camera intrinsic
parameters vary with time then the problem cannot be solved even if the camera rotate.
Note also that if we do not have any additional metric knowledge, the structure and the
translations of the cameras can be estimated only up to a scale factor

1.3.2 Control from visual data

The first step for controlling the robot using the visual information is to define the task
to be accomplished by the robot. There are several possible tasks that can be defined,
for example to reach a reference position or a reference velocity. The definition of the
task depends also on the configuration of the vision system and of the type of robot.
For example, the vision system can be mounted on the end-effector of the robot (this
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configuration is called “eye-in-hand”) or not (this configuration is called eye-to-hand). An
exhaustive description of all possible tasks and configurations is beyond the scope of this
document. The reader may refer to numerous books, tutorials and surveys that have been
published on the subject, like [Hashimoto 93, Hutchinson 96, Malis 02b, Chaumette 06,
Chaumette 07]. Research in visual servoing initially focused on the problem of controlling
the pose of a camera, assuming that the camera can (locally) move freely in all directions.
This is the case, for instance, when the camera is mounted on an omnidirectional mobile
robot, or on the end-effector of a classical manipulator endowed with (at least) 6 degrees
of freedom. This is equivalent to viewing the robot as an ideal Cartesian motion device.
The control part of the problem is then simplified since standard control techniques,
like pure state feedback linearization, can be applied. The case of robotic vision-carriers
subjected to either nonholonomic constraints (like car-like vehicles) or underactuation
(like most aerial vehicles) raises a new set of difficulties.

Consider now that case when the robot can be considered as an ideal Cartesian motion
device. In order to simplify the discussion a specific task is considered here : positioning
a holonomic robot with respect to a motionless object using the information acquired by
a eye-in-hand vision system. Thus, the state of the system x is locally homeomorphic to
SE(3) and the function g that describe the behavior of the state x can be modeled as in
Section 1.1. The function h that describe the behavior of the output y can be modeled
as in Section 1.2. Thus, the system of equations (1.29) can be rewritten as follows:

ẋ(t) = B(x(t))v(t) (1.38)

y(t) = h(η(t),x(t)) (1.39)

where the velocity of the camera v(t) is the control input.

1.3.2.1 Design of vision-based control schemes

The design of a vision-based control scheme depends on how the task has been defined.
For example, the positioning task can be defined directly in the Cartesian space as the
regulation of the vector x(t). Without loss of generality, we can suppose that the our
objective is to regulate the vector x(t) to zero. In this case one must be able to estimate
the current camera pose from image data. Using an approximation of the parameters
η̂(t), one must design a non-linear state observer ψ such that:

x̂(t) = ψ(η̂(t),h(η(t),x(t))) (1.40)

Obviously, in the absence of modeling errors we have η̂(t) = η(t) and thus the state can be
perfectly estimated x̂ (t) = ψ(η(t),h(η(t),x(t))) = x (t). The problem of reconstructing
the pose of the camera with respect to the object has been widely studied in the robotic
vision community (see Chapter 3) and several solution have been proposed. For example,
if we have a calibrated monocular vision system we need an accurate model of the target.
If we have a calibrated stereo system, the model of the target can be estimated on-line
by triangulation. The main limitation of this approach is that any modeling error may
produce an error in the final pose.
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In order to design vision-based control schemes that are more robust to modeling
errors, researchers have proposed to use a “teaching-by-showing” approach where the
reference pose is not given explicitly. Instead, a reference output y is acquired at the
reference pose (again we can suppose without loss of generality that the reference pose
corresponds to x = 0):

y = h(η, 0) (1.41)

where η contains the parameters at the time of the acquisition. Thus, we can build an
error function (not necessarily having the same size of the vector x) from image data
only:

ǫ(t) = δ(h(η(t),x(t)),h(η, 0)) (1.42)

such that if (and only if) ǫ = 0 then x = 0. The design of such an error function is not
easy, especially if the parameters η(t) vary. Thus, a common assumption is to suppose
that imaging conditions do not change η(t) = η. Even with such an assumption, the
design of the error function is not easy and its choice may greatly influence the behavior
of the visual servoing. In particular, the influence of measurement noise can be very
different depending on the choice of the error function.

In the teaching-by-showing approach, the choice of the error function cannot be gener-
ally decoupled from the design of the control law. Indeed, the same control law can have
an unstable behavior with a given control error and a stable behavior with a different
one. Moreover, even if it is possible to compute the control error directly from image
data, the design of a stable control law often needs an estimate of the parameters η.

1.3.2.2 Design of vision-based control laws

The design of control laws is a fairly standard problem in robotics when the pose of
the camera can be estimated explicitly. However, it is worth noticing that for critical
system the design of the control law is more difficult than for holonomic robots. Let me
consider here the design of control laws for the teaching-by-showing approach supposing
that imaging conditions do not change η(t) = η. After taking the time derivative of the
control error in equation (1.42) we obtain the following state equations:

ǫ̇(t) = L(η,x(t))v(t) (1.43)

y(t) = h(η,x(t))

where L is an interaction matrix that generally depends on the parameters η. The
problem is to find an appropriate function k in order to ensure a stable control input:

v(t) = k(η̂,y(t),y) = k(η̂,h(η,x(t)),h(η, 0))

such that ǫ(t) → 0 when t → ∞ starting from an initial pose x0 = x(0). The challenge is
to design stable control laws that depend as less as possible on the unknown parameters
η. If an estimation η̂ is needed, another challenge is to design stable control laws that
are robust to errors on the estimation of these parameters.
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1.3.2.2.1 Stability and robustness

In the ideal conditions (i.e. assuming no modeling and measurements errors) the control
law should be at least locally stable. This is the minimal requirement in the design of
vision-based control laws. However, it is also important to determine the “size” of the
stability domain. A very difficult problem is to design control laws with a large stability
domain. The best would be to design globally stable control laws (i.e. the control error
convergence to zero whatever is the starting position of the robot.

Another problem is the design of robust control laws. A control law can be called
“robust” if it is able to perform the assigned stabilization task despite modeling and mea-
surement errors. Determining the “size” of “admissible” errors is important in practice.
However, carrying out this type of analysis is usually technically quite difficult. Robust-
ness is needed to ensure that the controlled system will behave as expected. It is an
absolute requirement for most applications, not only to guarantee the good execution of
the assigned tasks but also for safety reasons, especially when these tasks involve direct
interactions with humans (robotic aided surgery, automatic driving,...).

1.3.2.2.2 Visibility and Continuity

The aim of vision-based control techniques is to control a robot with the feedback coming
from visual information. If the visual information get out of the camera field of view the
feedback is not possible any more and the visual servoing must then be stopped. A very
important problem is to take into account this constraint in the design of the control law.
This visibility problem is amplified when considering critical systems, like non-holonomic
robots, due to the restriction on the possible instantaneous motions of the robot.

Another problem related to the visibility appears when the target is partially occluded.
In this case, if we suppose that sufficient information is still visible in order to achieve the
task, the problem is that the occlusion may perturb the computation of the control error
and/or the control law. Depending on how the control scheme has been defined some
discontinuities may appear. These discontinuities perturb and decrease the performances
of the control law.
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Numerical analysis

Many parametric estimation problems can be solved by finding the solution of a system
of non-linear equations. When the system has more equations than unknowns it is usual
to rewrite the problem as a nonlinear least squares optimization which is again solved by
finding the solution of another system of non-linear equations. In general, these nonlinear
problems do not have an analytical closed-form solution. Thus, an important research
subject concerns the study of efficient iterative numerical methods. The objective of this
chapter is to describe my contributions in this field.

Numerical methods have been widely studied in the literature. An exhaustive de-
scription of them is beyond the scope of this document. In this chapter, the focus is on
numerical methods that make use of derivatives of the nonlinear functions involved in the
problems. Indeed, such methods have a strong link with automatic control methods. The
reader may refer to well-known textbooks like [Isaacson 66], [Dennis 83], [Quarteroni 00]
which describe in detail most of the standard numerical methods. Besides the standard
methods, I will consider methods that use additional information on the derivatives at
the solution. In several robotic vision applications, such as for example parametric iden-
tification or vision-based control, it is possible to measure or approximate this additional
knowledge. In this context, one important contribution has been to propose the Efficient
Second-order approximation Method (ESM) which has several advantages with respect
to standard methods. The ESM has been successfully applied to vision-based estimation
(see Chapter 3) and to vision-based robot control (see Chapter 4).

The chapter is organized as follows. First the problem of finding the solution of
one nonlinear equation in one unknown is considered. The reason for studying the one-
variable problem separately is that it allows us to more easily understand the principles
of the different methods that have been proposed in the literature. For example, ge-
ometric interpretations of the methods can be plotted [Isaacson 66]. The extension to
the multidimensional case (i.e. the solution of systems of nonlinear equations) is almost
straightforward. Then, the generalization of the iterative methods to nonlinear systems
defined on Lie groups is introduced. Finally, I will consider the optimization of a non-
linear least squares problem and its modification to increase robustness with respect to
aberrant measurements.
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2.1 Iterative solution of non-linear equations

In this section, I consider the problem of iteratively finding a root of the equation:

f(x) = 0 (2.1)

given the function f : D = (a, b) ⊆ R 7→ R and starting from an initial approximation x̂0

of a root x. The problem of how to find the initial approximation x̂0 is not easy to solve
but is very important since we will see that most of the iterative method will not work if
x̂0 is chosen too far from x. For simplicity, let me suppose that the function f(x) ∈ C∞

so that it can be expanded using a Taylor series about x̂:

f(x̂ + x) = f(x̂) + g(x̂) x +
1

2
h(x̂) x2 +

1

6
q(x∗) x3 (2.2)

where the last term is a third-order Lagrange remainder and x∗ ∈ (x̂, x) and the smooth
functions g(x), h(x), and q(x) are defined as follows:

g(x) =
df(x)

dx
(2.3)

h(x) =
d2f(x)

dx2
(2.4)

q(x) =
d3f(x)

dx3
(2.5)

Suppose that x is a simple root of the equation (2.1), therefore:

f(x) = 0 (2.6)

g(x) 6= 0 (2.7)

Starting from the initial approximation x̂0, the root-finding problem can be solved by
iteratively finding an increment x̃ in order to generate a sequence of values

x̂k+1 = x̂k + x̃k (2.8)

such that:

lim
k→∞

x̂k = x (2.9)

Two important questions should be answered: firstly, how far from the true root x can
we chose the initial approximation x̂0 (convergence domain) ? secondly, how fast the
sequence of values {x̂k} = {x̂0, x̂1, x̂2, . . .} does converge to the true root (convergence
rate). In order to answer these two questions let me rewrite the root finding problem in
a more general form as proposed by [Isaacson 66].
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2.1.1 Functional iteration methods for root finding

If we define:
ϕ(x) = x − k(x) f(x) (2.10)

where 0 < |k(x)| < ∞, ∀x ∈ D, then any equation f(x) = 0 can be rewritten in the
following form:

x = ϕ(x) (2.11)

As pointed out by [Isaacson 66], most of the iterative methods can be written in the form
of a functional iteration method (also known as the Picard iteration method) :

x̂k+1 = ϕ(x̂k) (2.12)

Starting from an initial approximation x̂0 of x the convergence of such an iteration process
depends on the behavior of the function ϕ. In this section, I will show under which
conditions there exists a unique fixed point x satisfying:

x = ϕ(x) (2.13)

which obviously implies that f(x) = 0 since k(x) 6= 0. First of all, let me give the
definitions of the domain of convergence and the order of convergence of a functional
iteration method.

2.1.1.1 Definition of the convergence domain

There are several possible definitions of the convergence domain of a functional iteration
method. The more general definition is the following:

Definition 1 (Domain of Convergence) The convergence domain C of the functional
iteration in equation (2.12) is defined as the set of the starting points {x̂0} ∈ C ⊆ D
(obviously containing the root itself) for which the iteration process converges to the root.

The problem is that finding such a domain is extremely difficult in general since it
highly depends to a large extent on the shape of the function ϕ. In order to obtain more
generic results one must restrict the definition of the convergence domain :

Definition 2 (Monotone Domain of Convergence) The monotone domain of con-
vergence C of the functional iteration in equation (2.12) is the set of the starting points
{x̂0} ∈ C ⊆ D such that the error is always decreasing |x̂k+1 − x| < |x̂k − x|.

This second definition is more restrictive since starting points may exist for which
the error initially increases and then converges. However, such a monotone convergence
domain is often easier to obtain. For example, Theorem 1 gives simple sufficient conditions
on the function ϕ(x) that assure the convergence of a functional iteration method to a
unique root in a monotone convergence domain. The corollary to Theorem 1 provides
sufficient conditions on the first derivative ϕ1(x) which are sometimes easier to compute.
However, the true monotone convergence domain is often larger than the one defined by
the conditions of the corollary.
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Theorem 1 If x = ϕ(x) has a root at x = x and

|ϕ(x) −ϕ(x)| ≤ λ|x − x| (2.14)

for all x in the domain of convergence defined by

C = |x − x| < δ (2.15)

Then, for any initial estimate x̂0 ∈ C:

i) all the iterates xk defined by equation (2.12) lie within the domain of convergence C:

x − δ < x̂k < x + δ

ii) the iterates converge to the fixed point x

lim
k→∞

x̂k = x

iii) x is the only root in the domain C.

Proof: Let me start by proving i). From equation (2.13) we have ϕ(x) = x. Setting
x = x̂k, using equation (2.13) the condition in equation (2.14) can be written

|xk+1 − x| ≤ λ|xk − x| (2.16)

which means that the error is decreasing monotonically |x̃k+1| ≤ |x̃k| since λ < 1. To
prove ii) it is sufficient to show that {x̂} is a Cauchy sequence. From equation (2.16) we
get:

|xk+1 − x| ≤ λ|xk − x| ≤ λ2|xk−1 − x| ≤ · · · ≤ λk+1|x0 − x| (2.17)

By letting k → ∞ since λ < 1 then

lim
k→∞

x̃k = 0

and:
lim

k→∞

x̂k = x

Finally, to prove iii) let me suppose that there exists x′ ∈ D such that x′ 6= x and
ϕ(x′) = x′. Then,

|x′ − x| = |ϕ(x′) −ϕ(x)| ≤ λ|x′ − x| < |x′ − x| (2.18)

This contradiction implies that x′ = x which is impossible by assumption.

Corollary 1 If we replace the assumption (2.14) with

|ϕ1(x)| ≤ λ < 1 (2.19)

for x ∈ C, then the Theorem 1 still holds.

Proof: From the mean value theorem we get:

ϕ(x) −ϕ(x) = ϕ1(x∗)(x − x)

for some x∗ ∈ (x, x). Thus, from equation (2.19) we obtain the assumption (2.14)

|ϕ(x) −ϕ(x)| ≤ |ϕ1(x∗)||x − x| ≤ λ|x − x|

where λ < 1.
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2.1.1.2 Definition of the order of convergence

In numerical analysis, the speed at which a convergent sequence approaches its limit is
called the order of convergence and it is defined as follows:

Definition 3 (Order of Convergence) Assume that the sequence {x̂k} = {x̂0, x̂1, · · · }
converges to x, and set x̃k = x̂k − x. If two positive constants r and s exist, and

lim
k→∞

|x̂k − x|

|x̂k−1 − x|r
= s

then the sequence is said to converge to x with order of convergence r. The number s is
called the asymptotic error constant. If r = 1, the convergence of {x̂k} is called linear. If
r = 2, the convergence of {x̂k} is called quadratic. If r = 3, the convergence of {x̂k} is
called cubic, and so on.

The concept of order of convergence is important since it is related to the number of
iterations that an iterative method needs to converge. A higher order of convergence is
obviously preferable. However, in order to compare the convergence rate of two different
methods one must also take into account the computational complexity for each iteration.
The following theorem gives simple conditions to determine the order of convergence of
a functional iteration method.

Theorem 2 If in addition to the assumptions of Theorem 1:

ϕ1(x) = ϕ2(x) = . . . = ϕr−1(x) = 0 (2.20)

ϕr(x) 6= 0 (2.21)

and if ∀x ∈ C:
|ϕr(x)| ≤ r! M (2.22)

Then the sequence {x̃k} converges to x with order of convergence r.

Proof: The convergence of the iterates to the fixed point x is assured by the
assumptions of Theorem 1. Consider the Taylor series of ϕ(x) about x is:

ϕ(x) = ϕ(x) +ϕ1(x) +
1

2!
ϕ2(x) + ... +

1

r!
ϕr(x∗)(x − x)r

where x∗ ∈ (x, x). Using equation (2.20) the Taylor series can also be written as follows:

ϕ(x) = ϕ(x) +
1

r!
ϕr(x∗)(x − x)r

Using equation (2.13) and equation (2.22) the error at iteration k can be bounded as
follows:

|x̂k − x| = |ϕ(x̂k−1) −ϕ(x)| =
1

r!
|ϕr(x∗

k−1)||x̂k−1 − x|r ≤ M |x̂k−1 − x|r (2.23)

Then, there exists a scalar s ≤ M such that

lim
k→∞

|x̂k − x|

|x̂k−1 − x|r
= s
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2.1.2 Standard iterative methods

Several root finding methods have been proposed in the literature (see for example
[Quarteroni 00]). In this section, I will describe in detail only the Newton-Raphson
and Halley methods. Despite the fact that the Newton-Raphson method is the most well
known and used method its description is unavoidable since it can be considered as a
reference method to which new ones can be compared. On the other hand, the Halley
method is less well known but its description is useful to better understand the com-
promise between order of convergence and efficiency. The Halley method is also closely
related to the ESM method that will be propose in the next section.

2.1.2.1 The Newton-Raphson method

The Newton-Raphson method, also simply called the Newton method, is a root-finding
algorithm that was independently discovered by both sir Isaac Newton and Joseph Raph-
son. The Newton-Raphson method uses the first-order terms of the Taylor series of the
function f(x) computed at x̂ ≈ x. Indeed, keeping terms of equation (2.2) only to
first-order we obtain a first-order approximation of the function:

f(x̂ + x) ≈ f(x̂) + g(x̂) x (2.24)

Evaluating f(x̂ + x) at x̃ = x − x̂ we obtain:

f(x) = f(x̂ + x̃) ≈ f(x̂) + g(x̂) x̃ = 0 (2.25)

Supposing that g(x̂) 6= 0 we can solve equation (2.24) and compute the Newton-Raphson
increment x̃:

x̃ = −
f(x̂)

g(x̂)
(2.26)

and the estimation is updated as follows: x̂k+1 = x̂k + x̃k. For the Newton method,
k(x) = 1/g(x) and the function ϕ(x) is defined as:

ϕ(x) = x −
f(x)

g(x)
(2.27)

2.1.2.1.1 Convergence domain of the Newton-Raphson method

Theoretically, the Newton-Raphson method cannot be computed when g(x) = 0. Since
we have supposed that g(x) 6= 0 and that g(x) is smooth, the convergence domain of the
Newton-Raphson method is a connected domain which includes the root x.

C ⊂ (xmin, xmax) (2.28)

such that:

g(xmin) = g(xmax) = 0
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The convergence domain is included in these bounds but is generally much smaller. From
Theorem 1 the monotone domain of convergence is defined by:

∣∣∣∣x − x −
f(x)

g(x)

∣∣∣∣ ≤ |x − x|

From corollary 1 a more restricted monotone domain of convergence is defined by the
inequality:

|f(x)h(x)| < g(x)2

2.1.2.1.2 Order of convergence of the Newton-Raphson method

If we apply Theorem 2 to the function defined in the equation (2.27) it is easy to verify
that the Newton-Raphson method has at least quadratic order of convergence. Indeed,
the first derivative of the function is:

ϕ1(x) =
h(x)

g(x)2
f(x) (2.29)

When computed at x we obtain:
ϕ1(x) = 0 (2.30)

2.1.2.2 The Halley method

The Halley method was proposed by the mathematician and astronomer Edmond Halley.
Keeping terms of equation (2.2) only to second-order we obtain a second-order approxi-
mation of the function:

f(x̂ + x) ≈ f(x̂) + g(x̂) x +
1

2
h(x̂) x2 (2.31)

As for the Newton-Raphson method, setting x = x̃ then f(x̂ + x̃) = 0 and solving the
following quadratic equation we obtain the irrational Halley method:

f(x̂) + g(x̂) x̃ +
1

2
h(x̂) x̃2 = 0 (2.32)

However, the solution of the quadratic equation involves a square root evaluation. More-
over, its extension to the multidimensional case involves the solution of a system of n
quadratic equations in n unknowns which in general has not a closed-form solution and
it may not have a solution at all. For this reason, the only Halley method that I will
consider in this document is the rational Halley method that can be obtained by rewriting
the equation:

f(x̂) + (g(x̂) +
1

2
h(x̂) x̃)x̃ = 0 (2.33)

Plugging the Newton-Raphson iteration

x̃ = −
f(x̂)

g(x̂)
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only into the expression in the brackets one obtains:

f(x̂) +

(
g(x̂) −

1

2
h(x̂)

f(x̂)

g(x̂)

)
x̃ = 0 (2.34)

and solving this equation one obtains the rational Halley increment:

x̃ = −
2g(x̂)f(x̂)

2 g(x̂)2 − f(x̂)h(x̂)
(2.35)

for the Halley method k(x) = 2g(x)/(2 g(x)2−f(x)h(x)) and the function ϕ(x) is defined
as:

ϕ(x) = x −
2g(x)f(x)

2 g(x)2 − f(x)h(x)
(2.36)

2.1.2.2.1 Convergence domain of the Halley method

The convergence domain of the Halley method is at least as big as the convergence domain
of the Newton method. However, it could be smaller since the Halley method cannot be
computed either when 2 g(x)2 = f(x)h(x).

2.1.2.2.2 Order of convergence of the Halley method

If we apply Theorem 2 to the function defined in the equation (2.36) it is easy to verify
that the Halley method has at least cubic order of convergence. Indeed, the derivatives
of the function are:

ϕ1(x) = α(x)f(x)2 (2.37)

ϕ2(x) = (α1(x)f(x) + 2α(x))f(x) (2.38)

where

α(x) =
3h(x)2 − 2g(x)q(x)

(2g(x)2 − f(x)h(x))2

When computed at x we obtain:

ϕ1(x) = 0 (2.39)

ϕ2(x) = 0 (2.40)

The Halley method has cubic order of convergence. So why is it not the preferred root
finding method ? This is because a high order of convergence alone is not enough. It
should be weighted by the computational complexity per iteration. For example, if the
computation of the Halley iteration costs twice the computation of the Newton iteration
then we are able to compute two Newton iterations at a time. Thus, we obtain a method
that has quartic order of convergence.
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2.1.3 Iterative methods with known gradient at the solution

Suppose that we can measure the gradient g(x) of the function f(x) at the solution (i.e.
g(x) can be measured). Can we use this additional information to improve the efficiency of
root finding algorithms ? For example, using g(x) instead of g(x) in the standard Newton
method leads to an algorithm which has the same order of convergence while being more
efficient. For this reason I will call it the Efficient Newton method. The Efficient Newton
method has been applied in vision-based robot control by [Espiau 92] and for image
registration by [Baker 04]. I will show that we can use the information on g(x) differently
and we can design an algorithm called ESM (see [Malis 04a], [Benhimane 04]) which has
the same order of convergence as the Halley method while being more efficient since it
has the same computational complexity per iteration of the standard Newton method.

2.1.3.1 The efficient Newton method

The efficient Newton method can be obtained by considering the Taylor series of f(x)
about x:

f(x + x) = f(x) + g(x)x +
1

2
h(x∗)x2 (2.41)

Since f(x) = 0, keeping terms up to first order we obtain:

f(x + x) ≈ g(x)x (2.42)

Evaluating the equation at x = −x̃ = x̂ − x gives:

f(x̂) ≈ −g(x)x̃

We obtain an efficient Newton method by computing:

x̃ = −
f(x̂)

g(x)

It is efficient since the inverse of the gradient is computed once and for all. For the
efficient Newton method k(x) = 1/g(x) and the function ϕ(x) is defined as:

ϕ(x) = x −
f(x)

g(x)
(2.43)

2.1.3.1.1 Convergence domain of the Efficient Newton method

The convergence domain of the Efficient Newton method could be bigger than the con-
vergence domain of the Newton and Halley methods. Indeed, since I supposed g(x) 6= 0
the Efficient Newton iteration can always be computed.

Theorem 3 If 0 < g(x) ≤ g(x) then the monotone convergence domain of the Newton-
Raphson method is included in the monotone convergence domain of the Efficient Newton
method. This means that if the Newton-Raphson method converges then the Efficient
Newton method also converges.
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Proof: The monotone convergence domain of the Newton-Raphson method is de-
fined by:

|ϕNRM(x) − x| < λ|x − x| (2.44)

where:

ϕNRM(x) = x + x̃NRM = x −
f(x)

g(x)

while the convergence domain of the Efficient Newton method is defined by:

|ϕENM(x) − x| < λ|x − x| (2.45)

where:

ϕENM(x) = x + x̃ENM = x −
f(x)

g(x)

The Efficient Newton increment can be rewritten as a function of the Newton increment:

x̃ENM = −
g(x)

g(x)

f(x)

g(x)
= γ(x) x̃NRM

where:

γ(x) =
g(x)

g(x)

If 0 < g(x) ≤ g(x) then 0 < γ(x) ≤ 1 and

|ϕENM(x) − x| ≤ |ϕNRM(x) − x| < λ|x − x| (2.46)

2.1.3.1.2 Order of convergence of the Efficient Newton method

The following theorem shows that the efficient Newton method has the same order of
convergence as the standard Newton-Raphson method.

Theorem 4 The efficient Newton method has at least quadratic order of convergence.

Proof: Simply apply Theorem 2 to the function ϕ(x) defined in equation (2.43).
The derivative of the function is:

ϕ1(x) = 1 −
g(x)

g(x)
(2.47)

When computed at x we obtain:

ϕ1(x) = 0 (2.48)

which proves that the efficient Newton method has at least quadratic order of convergence.
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2.1.3.2 The Efficient Second-order approximation Method

Like the Efficient Newton method, the Efficient Second-order approximation Method
(ESM) assumes that g(x) can be measured. Like the Newton-Raphson method, it is a
root finding method. However, like the Halley method, it uses the first two terms of the
Taylor series.

The ESM uses the Taylor series of g(x) about x̂ which can be written:

g(x̂ + x) = g(x̂) + h(x̂) x +
1

2
q(x∗) x2 (2.49)

where the last term is a second-order Lagrange remainder. Then, we can compute:

h(x̂) x = g(x̂ + x) − g(x̂) −
1

2
q(x∗) x2 (2.50)

Plugging equation (2.50) into equation (2.2) we obtain an expression of the function f(x)
without the second-order terms:

f(x̂ + x) = f(x̂) +
1

2
(g(x̂) + g(x̂ + x)) x −

1

12
q(x∗) x3 (2.51)

Keeping the terms of this equation only to second-order we obtain an efficient second-
order approximation of the function:

f(x̂ + x) ≈ f(x̂) +
1

2
(g(x̂) + g(x̂ + x)) x (2.52)

When compared to the second-order approximation (2.31) used in the Halley method, it
is evident that the second-order approximation (2.52) is more efficient since it is obtained
without computing the second derivatives of the function. Thus, the ESM can also be
viewed as an efficient version of the Halley method where instead of plugging the Newton-
Raphson iteration into the second order approximation (2.31) we plug equation (2.50).
Setting x = x̃ and f(x̂ + x̃) = 0 one can solve the following linear equation:

f(x̂) +
1

2
(g(x̂) + g(x)) x̃ = 0 (2.53)

Supposing that g(x̂) + g(x) 6= 0 we find the ESM iteration is:

x̃ = −
2 f(x̂)

g(x̂) + g(x)
(2.54)

For the ESM k(x) = 2/(g(x) + g(x)) and the function ϕ(x) is defined as:

ϕ(x) = x −
2 f(x)

g(x) + g(x)
(2.55)
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2.1.3.2.1 Convergence domain of the ESM

The following theorem shows that the bounds on the convergence domain of the ESM are
wider than the bounds on the convergence domains of the Newton-Raphson and Halley
methods.

Theorem 5 The bounds of the convergence domains of the Newton-Raphson and Halley
methods are included in the bounds of the convergence domain of the ESM.

Proof: The bounds for the Newton-Raphson and Halley methods are defined by
g(x) = 0. On the other hand, the ESM method cannot be computed when g(x) = −g(x)
which determines the bounds of the convergence domain. This means that the sign of g(x)
must be opposite to the sign of g(x). Since g(x) is smooth, it must become null before
changing its sign. This means that if g(x1) = 0 and g(x2) = −g(x) then |x1−x| < |x2−x|
which proves that the bounds of the convergence domain of the ESM are wider.

Theorem 6 If 0 < g(x) ≤ g(x) then the monotone convergence domain of the Newton-
Raphson method is included in the monotone convergence domain of the ESM. This means
that if the Newton-Raphson method converges then the ESM also converges.

Proof: The monotone convergence domain of the Newton-Raphson method is de-
fined by:

|ϕNRM(x) − x| < λ|x − x| (2.56)

where:

ϕNRM(x) = x + x̃NRM = x −
f(x)

g(x)

while the convergence domain of the ESM is defined by:

|ϕESM(x) − x| < λ|x − x| (2.57)

where:

ϕESM(x) = x + x̃ESM = x −
2f(x)

(g(x) + g(x))

The ESM increment can be rewritten as a function of the Newton increment:

x̃ESM = −
2g(x)

(g(x) + g(x))

f(x)

g(x)
= γ(x) x̃NRM

where:

γ(x) =
2g(x)

(g(x) + g(x))

If 0 < g(x) ≤ g(x) then 0 < γ(x) ≤ 1 and

|ϕESM(x) − x| ≤ |ϕNRM(x) − x| < λ|x − x| (2.58)
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2.1.3.2.2 Order of convergence of the ESM

The following theorem shows that the ESM has the same order of convergence as the
Halley method which is also higher than the Newton method.

Theorem 7 The Efficient Second-order approximation Method has at least cubic order
of convergence.

Proof: Simply apply Theorem 2 to the function ϕ(x) defined in equation (2.36).
The derivatives of the function are:

ϕ1(x) =
g(x) − g(x)

g(x) + g(x)
+

2 h(x)

(g(x) + g(x))2
f(x) (2.59)

ϕ2(x) = 2 h(x)
g(x) − g(x)

(g(x) + g(x))2
+

2q(x)(g(x) + g(x)) − 4h(x)2

(g(x) + g(x))3
f(x) (2.60)

When computed at x we obtain:

ϕ1(x) = 0 (2.61)

ϕ2(x) = 0 (2.62)

This theorem is important since the computation cost of the ESM is almost the same
as the computation cost of the Newton method and much less than the computation cost
of the Halley method. This will be even more true for multidimensional systems where
the inverse of the gradient become the inverse of a matrix.

2.2 Iterative solution of nonlinear systems

The extension of the methods presented in the previous section to the iterative solution
of systems of nonlinear equations (i.e. n nonlinear equations with n unknowns) is almost
straightforward and it is mainly a matter of notations The theorems proved in the previous
section can also be extended to the multidimensional case as in [Isaacson 66].

2.2.1 Extension to systems of nonlinear equations

Consider the following system of m equations in n unknowns:

f(x) = 0 (2.63)

The Taylor series of the vector function f(x̂ + x) about x̂ can be written:

f(x̂ + x) = f(x̂) + J(x̂)x +
1

2!
H(x̂,x)x +

1

3!
Q(x∗,x2)x (2.64)
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where the last term is a third-order Lagrange remainder and x∗ ∈ (x̂,x) and the matrices
J(x), H(x), and Q(x) are defined as follows:

J(x) = ∇f(x) (2.65)

H(x̂,x) = ∇J(x)x̂ (2.66)

Q(x̂,x) = ∇H(x̂,x)x̂ (2.67)

Suppose that x is a simple solution of the system (2.63), therefore:

f(x) = 0 (2.68)

det(J(x)) 6= 0 (2.69)

Starting from the initial approximation x̂0, the problem can be solved by iteratively
finding an increment x̃ in order to generate a sequence of values

x̂k+1 = x̂k + x̃k (2.70)

such that:
lim
k→∞

x̂k = x (2.71)

Similarly to the uni-dimensional case we can define a vector function

ϕ(x) = x − K(x)f(x)

where K(x) is a full rank (n×n) matrix (i.e. det(K) 6= 0. We obtain the multidimensional
equivalent of a functional iteration by solving the problem:

x = ϕ(x) (2.72)

Again, if x is a solution of
x = ϕ(x)

then f(x) = 0 since K(x) is a full rank matrix.

2.2.1.1 The multidimensional Newton method

Keeping terms of equation (2.64) only to first order we obtain:

f(x̂ + x) ≈ f(x̂) + J(x̂)x (2.73)

This expression can be used to estimate the amount of offset x̃ needed to land closer to the
root starting from an initial guess x̂. Setting x = x̃ = x− x̂ we have f(x̂+ x̃) = f(x) = 0
and:

f(x̂ + x̃) ≈ f(x̂) + J(x̂) x̃ = 0 (2.74)

Supposing det(J(x̂)) 6= 0 we can solve equation (2.74) and obtain the multidimensional
Newton-Raphson increment:

x̃ = −J(x̂)−1f(x̂) (2.75)

The multidimensional Newton-Raphson also has at least a quadratic order of convergence.
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2.2.1.2 The multidimensional Halley method

Keeping terms of equation (2.64) only to second order we obtain:

f(x̂ + x) ≈ f(x̂) + J(x̂)x +
1

2!
H(x̂,x)x (2.76)

Setting x = x̃ = x − x̂ we have f(x̂ + x̃) = f(x) = 0 and:

f(x̂ + x̃) ≈ f(x̂) + J(x̂) x̃ +
1

2!
H(x̂, x̃) x̃ = 0 (2.77)

Plugging the Newton iterate:

x̃ = −J(x̂)−1f(x̂)

into H(x̂, x̃) of equation (2.77) we obtain the following linear equation:

f(x̂ + x) ≈ f(x̂) +
1

2
(2J(x̂) + H(x̂,−J(x̂)−1f(x̂)))x̃

which can be solved to obtain the multidimensional Halley increment:

x̃ = −2(2J(x̂) + H(x̂,−J(x̂)−1f(x̂)))−1f(x̂)

The multidimensional Halley method is extremely costly since it involves the computation
of the Hessian of the functions and two matrix inversions.

2.2.1.3 The multidimensional Efficient Newton Method

The efficient Newton method can be obtained by considering the Taylor series of f(x)
about x:

f(x + x) = f(x) + J(x)x +
1

2
H(x∗,x)x (2.78)

Since f(x) = 0, keeping terms up to first order we obtain:

f(x + x) ≈ J(x)x (2.79)

Evaluating the equation at x = −x̃ = x̂ − x gives:

f(x̂) ≈ −J(x)x̃

We obtain an efficient Newton method by computing:

x̃ = −J(x)−1f(x̂)

It is efficient since the inverse of the Jacobian is computed once and for all.
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2.2.1.4 The multidimensional ESM

Using the first order series of the matrix J(x) about x̂, we obtain:

J(x̂ + x) = J(x̂) + H(x̂,x) +
1

2!
Q(x∗,x2) (2.80)

Plugging equation (2.80) in equation (2.64), we obtain:

f(x̂ + x) = f(x̂) +
1

2
(J(x̂ + x) + J(x̂))x −

1

12
Q(x∗,x2)x (2.81)

where the second-order terms in x have disappeared. Without computing the Hessian, we
obtain an efficient second-order approximation of f (i.e. only using first order derivatives)
by setting f(x̂ + x̃) = f(x) = 0:

f(x̂ + x̃) ≈ f(x̂) +
1

2
(J(x) + J(x̂)) x̃ = 0 (2.82)

The displacement can be obtained by computing the inverse of the mean of the Jacobians:

x̃ = −2 (J(x) + J(x̂))−1 f(x̂) (2.83)

If f(x) is quadratic in x, then the equation (2.82) is not an approximation anymore. Thus,
we can estimate the true parameters of the warping in only one iteration. If the vector
function f(x) is not quadratic, we can expect an improvement over the standard Newton
method since the ESM has a higher order of convergence at the same computational cost
per iteration.

2.2.2 Generalization to nonlinear systems on Lie groups

In order to understand the generalization of the methods presented in the previous section
to nonlinear systems of equations defined on Lie groups the reader should be familiar with
Lie group theory (see [Warner 71], [Varadarajan 74], [Hall 03]). The theorems proved
when the Lie group is R

n can be generalized as in [Mahony 02].

2.2.2.1 Functional iteration on Lie groups

Consider the problem of iteratively finding a root of the equation:

f (x ) = 0 (2.84)

given the (n × 1) vector function f : G 7→ R
n where x ∈ G. Let the dimension of the

Lie group G be dim(G) = n. Let me suppose exists x such that f (x ) = 0. Similarly to
the multidimensional case, we would like to solve the problem iteratively starting from
an approximation x̂ 0 of the true solution x . The problem is to find an increment x̃ in
order to generate a sequence:

x̂ k+1 = x̂ k · x̃ k (2.85)
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such that

lim
k→∞

x̂ k = x (2.86)

The equation (2.85) is a generalization of equation (2.70) since one can choose G = R
n (in

this case the group composition is the addition). If we suppose that the approximation
x̂ is close enough to the true solution x then the increments are close to the identity
x̂

−1 · x ≈ e. Let z ∈ R
n be a vector of coordinates of the Lie algebra g of the Lie Group

G such that

x (z) = exp

(
n∑

i=1

ziAi

)

where the exponential map is a map exp: g 7→ G and where Ai are vector fields in g

(for matrix Lie groups Ai are (n × n) matrices). Then, suppose that z̃ exists such that
x (z̃) = x̂

−1 · x . The Taylor series of f (x̂ · x (z)) about z = 0 is:

f (x̂ · x (z)) = f (x̂ ) + J (x̂ ) z +
1

2!
H(x̂ , z) z +

1

3!
Q(x ∗, z2) z (2.87)

where the (n × n) matrices J (x̂ ), H(x̂ , z) and Q(x̂ , z2) are:

J (x̂ ) = ∇f (x̂ · x (y))y=0 (2.88)

H(x̂ , z) = ∇(J (x̂ · x (y)) z)|y=0 (2.89)

Q(x̂ , z2) = ∇(H(x̂ · x (y), z) z)|y=0 (2.90)

Finally, we can follow the same developments described in the previous section to obtain
the increment x̃ for each method.

2.2.2.2 Newton methods for nonlinear systems on Lie groups

The Newton-Raphson increment on Lie groups can be computed as follows:

x̃ = x
(
−J (x̂ )−1f (x̂ )

)

while the Efficient Newton increment is:

x̃ = x
(
−J (x )−1f (x̂ )

)

2.2.2.3 The ESM for nonlinear systems on Lie groups

The ESM increment on Lie groups can be computed as follows:

x̃ = x
(
−2 (J (x̂ ) + J (x ))−1

f (x̂ )
)

(2.91)
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2.3 Optimization of nonlinear least squares problems

Consider the following general unconstrained optimization problem:

min
x

c(x) (2.92)

where c(x) is a positive cost function that should be minimized. The necessary conditions
to obtain a (local) minimum of the cost function are:

gc(x) = ∇c(x) = 0 (2.93)

Hc(x) = ∇gc(x) > 0 (2.94)

where gc(x) is the (1× n) gradient of the cost function and Hc(x) is the (n× n) Hessian
matrix of the cost function. Thus, the problem is to solve the system of n equation in
n unknowns defined in equation (2.93). Suppose that we have a system of m nonlinear
equations and n unknowns (with m > n). In the presence of measurement errors the
system f(x) = 0 could not have a solution. Moreover, since there are more equations
than unknowns we probably do not know how to choose a particular set of n equations
over m to solve the problem. Thus, we can rewrite the root-finding problem as a least
squares minimization problem. We look for the minimum of a positive cost function
c(x) = 1

2
f(x)⊤f(x):

min
x

c(x) = min
x

1

2
f(x)⊤f(x) (2.95)

starting from a close approximation x̂ of the true root x′. In the particular case of a
least-squares problem we have:

gc(x) = f(x)⊤J(x) (2.96)

Hc(x) = J(x)⊤J(x) +
n∑

i=1

fi(x)Hi(x) (2.97)

If we transform the root-finding problem into a minimization problem, the minimum of
the cost function is obtained when gc(x) = 0. Thus we will find either f(x′) = 0 or f(x′) ∈
ker(J(x′)). Note that solution x′ of the non-linear least squares optimization coincides
with the solution x of the nonlinear systems only if f(x) = 0. Because of aberrant
measurements errors the estimated solution can be very far from the true solution. In
this case, a robust optimization method should be used (see section 2.3.3).

2.3.1 The Newton optimization and approximated methods

The Newton optimization method performs a first order approximation of the gradient of
the cost function (or equivalently a second-order approximation of the cost function). This
implies the computation of the second derivatives (the Hessian matrices) of the vector
function f . We can apply the Newton-Raphson method to iteratively solve equation (2.93)
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which is a system of n non-linear equations in n unknowns. Taking terms up to first order
of the Taylor series of gc(x) about x̂ we obtain:

gc(x̂ + x) ≈ gc(x̂) + x⊤Hc(x̂) (2.98)

Setting gc(x̂ + x) = 0 we have to solve the following linear system:

gc(x̂) + x̃⊤Hc(x̂) = 0 (2.99)

whose solution is:
x̃ = − (Hc(x̂))−1 gc(x̂)⊤ (2.100)

In the case of a least-squares optimization, using equations (2.96) and (2.97), the solution
can be written as:

x̃ = −

(
J(x̂)⊤J(x̂) +

n∑

i=1

fi(x̂)Hi(x̂)

)−1

J(x̂)⊤f(x̂) (2.101)

2.3.1.1 The Gauss-Newton method

The Gauss-Newton method consists in approximating the Hessian of the cost function.
Supposing that the residuals at the solution are small fi(x̂) → fi(x

′) ≈ 0 we can set:

Hc(x̂) ≈ J(x̂)⊤J(x̂)

In this case the Gauss-Newton step can be written as:

x̃ = −
(
J(x̂)⊤J(x̂)

)−1
J(x̂)⊤f(x̂) (2.102)

where det(J(x̂)⊤J(x̂)) 6= 0. More generally, we can use the pseudo-inverse of the matrix:

x̃ = −J(x̂)+ f(x̂) (2.103)

since J(x̂)+ =
(
J(x̂)⊤J(x̂)

)−1
J(x̂)⊤ if rank(J(x̂)) = n. Obviously, if m = n then J(x̂)+ =

J(x̂)−1 and the Gauss-Newton method applied to the minimization of the cost function
c(x) is equivalent to the Newton method applied to the root search of the function f(x).

2.3.1.2 The Efficient Gauss-Newton method

If we are able to measure J(x) then we can use an efficient Gauss-Newton method:

gc(x + x) ≈ gc(x) + x⊤Hc(x) (2.104)

Setting gc(x + x̃) = gc(x̂) we have to solve:

gc(x̂) = −x̃⊤Hc(x) = 0 (2.105)

whose solution is:
x̃ = −J(x)+ f(x̂)

This method is efficient since J(x)+ can be computed once and for all.
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2.3.1.3 The Steepest Descent method

The Steepest Descent method consists in approximating the Hessian of the cost function
as follows:

Hc(x̂) ≈ αI

where α is a positive constant. In this case the Steepest Descent method step can be
written as:

x̃ = −αJ(x̂)⊤f(x̂)

The value of the parameter α can be obtained by solving a one dimensional minimization
problem along the direction given by the vector x̃ [Dennis 83]. An efficient version of the
Steepest Descent method can be obtained using x instead of x̂ in the Jacobian.

2.3.1.4 The Levemberg-Marquardt method

The Levemberg-Marquardt method consists in approximating the Hessian of the cost
function as follows:

Hc(x̂) ≈ J(x̂)⊤J(x̂) + αI

where α is a positive constant. In this case the Levemberg-Marquardt step can be written
as:

x̃ = −
(
J(x̂)⊤J(x̂) + αI

)−1
J(x̂)⊤f(x̂)

Note that if α = 0 then we obtain the Gauss-Newton method.

2.3.2 The ESM for nonlinear least squares optimization

If we apply the ESM to the non-linear system defined in equation (2.93) we obtain:

x̃ = −
1

2
(Hc(x̂) + Hc(x

′))−1gc(x̂)

The ESM method as it is defined in this equation would require the computation of
Hessians matrices like the Newton method.

2.3.2.1 Approximated ESM

As for the Gauss-Newton method we can compute an approximation of the gradient of
the cost function as follows. Consider the gradient of the cost function:

gc(x̂ + x) = f(x̂ + x)⊤J(x̂ + x)

From equation (2.80) we compute the following expression for the Jacobian:

J(x̂ + x) =
1

2
(J(x̂ + x) + J(x̂)) +

1

2
H(x̂,x) +

1

4
Q(x∗,x2)
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Thus, using the efficient second-order approximation:

gc(x̂ + x) =
1

2

(
f(x̂) +

1

2
(J(x̂ + x) + J(x̂))x −

1

12
Q(x∗,x2)x

)⊤

(
J(x̂ + x) + J(x̂) + H(x̂,x) +

1

2
Q(x∗,x2)

)
(2.106)

which can also be rewritten as follows:

gc(x̂ + x) =
1

2

(
f(x̂) +

1

2
(J(x̂ + x) + J(x̂)) x

)⊤

(J(x̂ + x) + J(x̂)) +

+
1

2
f(x̂ + x)⊤

(
H(x̂,x) +

1

2
Q(x∗,x2)

)

−
1

24
x⊤Q(x∗,x2)⊤ (J(x̂ + x) + J(x̂)) (2.107)

Setting x = x̃′ we have x̂ + x̃′ = x′ and gc(x
′) = 0. Thus:

gc(x
′) =

1

2
(J(x) + J(x̂))⊤

(
f(x̂) +

1

2
(J(x) + J(x̂)) x̃

)
+

+
1

2
f(x′)⊤

(
H(x̂, x̃) +

1

2
Q(x∗, x̃2)

)

−
1

24
x̃⊤Q(x∗, x̃2)⊤ (J(x′) + J(x̂)) = 0 (2.108)

that can be approximated by:

gc(x
′) ≈

1

2

(
f(x̂) +

1

2
(J(x) + J(x̂)) x̃

)⊤

(J(x) + J(x̂)) = 0 (2.109)

There are two different approximations. The first approximation concerns terms that
depend on the residuals f(x′). Indeed, in the ideal case f(x′) ≈ 0. The second approxi-
mation concerns terms that are third order in x̃. Finally, we find the solution:

x̃ ≈ −2 (J(x̂) + J(x′))
+

f(x̂) (2.110)

2.3.2.2 Comparison with standard optimization methods

The main advantage of the Efficient Second-order approximation Method is the cubic
order of convergence. Another advantage is the large domain of convergence that allows
to avoid some local minima close (i.e. when the second-order approximation is valid)
to the global one. These advantages are demonstrate here with the help of two simple
examples. Consider a (4×1) vector function f(x) quadratic in a (2×1) parameter vector
x:

f(x) = B x + A(x)x
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where B is a (4×2) matrix and A(x) is a (4×2) which is linear in x. We choose different
coefficients in B and A(x) for each example. The objective is to find the minimum of
the SSD cost function:

c(x) =
1

2
f(x)⊤f(x)

which, in this case, is of degree 4 in x. In each example I will test the Steepest Descent
and the Efficient Steepest Descent methods, the Gauss-Newton and the Efficient Gauss-
Newton methods, the Newton method and the ESM. Thus, I suppose that we can measure
the constant Jacobian J(0) and the varying Jacobian J(x0). The simulation is repeated
4 times with different starting points: x0 ∈ {(±1.5,±1.5)}. For each simulation I take
at each iteration a very small step towards the solution in order to display a continuous
trajectory from the starting point x0 to the minimum (0 in our case). The length of the
trajectory represents the convergence rate of each algorithm. Obviously, the ideal path
(i.e. the shortest one) would be a straight line from x0 to 0.

2.3.2.2.1 Convergence rate

The results for 6 different minimization methods are given in Figure 2.1. The con-
tours represent isolines of the SSD (i.e. the cost function has the same value for each
point of the contour) while the red lines represent the paths for each starting point. Fig-
ure 2.3.2.2.2 shows that the varying Steepest Descent method always moves in a direction
perpendicular to the isolines. For this reason, it has a slow convergence rate and cannot
reach the minimum following a straight line. The paths for the constant Steepest De-
scent method are even longer (see the path lengths in Figure 2.3.2.2.2). The constant
(Figure 2.3.2.2.2) and the varying (Figure 2.3.2.2.2) Gauss-Newton methods perform bet-
ter than the constant and the varying Steepest Descent methods respectively. In fact,
in the constant and the varying Gauss-Newton methods a rough approximation of the
Hessian is used. Ill-conditioned and indefinite Hessian matrices cause the oscillations of
the Newton method in Figure 2.3.2.2.2. Finally, the ESM method gives the best solution
since the paths in Figure 2.3.2.2.2 are straight lines. Indeed, when the function f(x) is
exactly quadratic we can correctly estimate the displacement in only one step and thus
the correct descent direction regardless of the shape of the isolines.

2.3.2.2.2 Domain of convergence

In the second simulation, we choose a different quadratic function f(x) such that the
corresponding SSD cost function has a local minimum very close to the global minimum.
The Newton method and methods with varying Jacobian fall into the local minimum
when the starting point is close to it (see Figures 2.3.2.2.2, 2.3.2.2.2 and 2.3.2.2.2). In this
case, methods with constant Jacobian can eventually diverge (see Figures 2.3.2.2.2 and
2.3.2.2.2). Indeed, the constant Jacobian approximation is valid only in a neighborhood
of the true solution. On the other hand, the ESM method follows the shortest path (see
Figure 2.3.2.2.2). Thus, if f(x) is locally quadratic the ESM method is able to avoid local
minima.
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(a) Steepest Descent (b) Efficient Steepest Descent

(c) Gauss-Newton (d) Efficient Gauss-Newton

(e) Newton (f) ESM

Figure 2.1: Comparing the behavior of six different minimization methods.
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(a) Steepest Descent (b) Efficient Steepest Descent

(c) varying GN (d) Efficient Gauss-Newton

(e) Newton (f) ESM

Figure 2.2: Comparing the behavior of six different minimization methods.
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2.3.3 Robust optimization

When dealing with robot vision applications in a real world some measurements may be
aberrant. These aberrant measures are called outliers and in theory only one of them can
make a least squares algorithm find a solution arbitrarily far from the true solution. Least
squares problems are not very robust because the objective function can grow indefinitely
and outliers may become dominating w.r.t. measurements that verify the model. Alter-
natively, it is preferable to use robust methods that modify the objective function so as to
limit the influence of the most significant residues. The principal consequence is, usually,
a slower convergence speed of the optimization algorithms. Indeed, it is very difficult to
distinguish, at first, outliers and inliers. Therefore, some inliers may be initially filtered
which leads to a reduction in the convergence speed. Nevertheless, the most difficult
case to solve arises when small but aberrant residues move the minimum of the objective
function.

Several robust optimization methods have been proposed in the literature. A com-
parison of the most known algorithm applied to robot vision applications was proposed
in [Malis 06]. I will describe here the methods that have worked better in practice.

2.3.3.1 The M-estimators

The principle of the M-estimators is to modify the objective function of the least squares
by penalizing the largest residues. The objective function is then defined by:

c(x) =
n∑

i=1

ρ(fi(x)) (2.111)

where the function ρ is at least C0. The gradient and the Hessian of the cost function
are:

gc(x) =
n∑

i=1

∂ρ(fi)

∂fi

∂fi(x)

∂x

=

[
∂ρ(f1)

∂f1

∂ρ(f2)

∂f2

· · ·
∂ρ(fm)

∂fm

]
J(x) (2.112)

Hc(x) =
n∑

i=1

∂2ρ(fi)

∂f 2
i

∂fi(x)⊤

∂x

∂fi(x)

∂x
+

n∑

i=1

∂ρ(fi)

∂fi

∂2fi(x)

∂x2

= J(x)⊤D J(x) +
n∑

i=1

∂ρ(fi)

∂fi

Hi(x) (2.113)

where D = diag

(
∂2ρ(f1)

∂f 2
1

,
∂2ρ(f2)

∂f 2
2

, · · · ,
∂2ρ(fm)

∂f 2
m

)
. Then, we can apply the Newton-

Raphson method.
Various functions ρ were proposed in the literature. Among all the possible robust

estimators ρ, the most popular are those proposed by [Beaton 74] and [Huber 81]. The
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function ρ proposed by [Huber 81] is defined by:

ρ(fi) =

{
1
2
f 2

i if f 2
i ≤ c

c
(
|fi| −

c
2

)
if f 2

i > c
(2.114)

where c = 1.345σ̂ and σ̂ is a robust estimation of the standard deviation of the inliers. It
is usually defined by the Median Absolute Deviation (MAD) given by:

σ̂ = 1.48 median(|f − median(f)|). (2.115)

In the function ρ proposed by Huber, the weakest residues are regarded as in a least
squares problem whereas the most significant residues are quickly limited (but not can-
celed).

The function ρ proposed by [Beaton 74] is defined by:

ρ(fi) =





c2

6


1 −

(
1 −

(
fi

c

)2
)3

 if f 2

i ≤ c

c2

6
if f 2

i > c

(2.116)

where c = 4.6851σ̂ and where σ̂ is a robust estimation of the standard deviation of the
inliers. As in the previous case, in the function ρ proposed by Beaton-Tukey, the weakest
residues are regarded as in a least squares problem whereas the most significant residues
are quickly canceled (completely this time).

2.3.3.2 The iteratively re-weighted least squares

An advantage of the M-estimation is that it can be implemented using a simple itera-
tive re-weighted least squares algorithm. Considering a linear problem, the actual least
squares problem aims at solving for x the following linear system Ax = b where x and
b are vectors and A is a matrix. Iterative re-weighted least squares algorithms aim at
solving the following system:

WAx = Wb (2.117)

where W = diag(w1, . . . , wm) is a diagonal matrix where the weight wi reflects the con-
fidence of each feature. The weights wi, are usually given computed as follows:

wi =
1

fi

∂ρ(fi)

∂fi

(2.118)

where the ρ can be any robust function (see for example those presented in the previous
section). The iteratively re-weighted algorithm estimates the value of x by solving the
weighted least squares system of the equation (2.117), and reiterates until convergence.
These methods act like automatic outlier rejectors since large residual values lead to very
small weights.



Chapter 3

Vision-based parametric estimation

Vision-based parametric estimation has been widely studied by computer vision and
robotic scientists. It is an inverse problem since the values of some parameters of a
model must be obtained from the observed visual data. An exhaustive description of
all possible solutions is beyond the scope of this document. The reader may refer to
well-known textbooks like [Faugeras 93, Hartley 00, Faugeras 01, Ma 03]. However, it is
worth noticing that there are two main approaches to solve this problem: correspondence-
based methods and direct methods. Both have their advantages and drawbacks, which
motivated the design of hybrid approaches (i.e. a combination of both methods).

Correspondence-based methods separate the data association problem from the solu-
tion of the non-linear system of equations introduced in Chapter 1. The data association
problem is solved first, by finding the matching between corresponding pixels. The cor-
respondences may be dense like optical flow [Horn 81] or sparse like features [Torr 00].
With respect to optical flow methods, feature-based methods are correspondence-based
methods that can deal with larger inter-frame displacements in the images.

Direct methods [Horn 88, Stein 00, Irani 00] simultaneously solve the data association
problem and the non-linear system of equations introduced in Chapter 1. The problem is
formulated as the minimization of a cost function that is generally solved using the stan-
dard local numerical methods introduced in Chapter 2. Thus, direct methods are more
adapted to solve incremental estimation problems, which is the case of video-sequences
acquired with sufficiently high frame rate.

The contributions of my research work have been the modeling and the design of
efficient, accurate and robust estimation methods to meet the requirements needed for
real-time applications and, in particular, vision-based robot control. I will show how to
solve incremental direct image registration problems (visual tracking) and localization
and/or mapping problems and how to apply the ESM described in Chapter 2.

The present chapter is organized as follows. First, feature-based estimation methods
are presented. Their advantages and limitations are discussed. Then, direct methods are
described with a particular focus on incremental approaches.
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3.1 Feature-based methods

Suppose we have a collection of images acquired by a vision system. Feature-based
methods are so called since they are based on the extraction of a set of features (like
points, lines, contours, ...) from the images. They are correspondence-based methods
since the matching problem is solved before the parametric estimation. Thus, feature-
based methods are generally composed of three steps:

• Feature extraction ;

• Feature matching ;

• Parametric estimation (e.g. intrinsic parameters, structure, motion, ...).

Each of these steps is now discussed.

3.1.1 Features extraction

The raw images are filtered to extract some features (points, edges, contours, ...) cor-
responding to characteristic geometric elements of the observed scene. Several feature
detectors have been proposed in the literature. Most of them are specialized in ex-
tracting key-points like [Harris 88], [Lowe 04], [Mikolajczyk 04], [Tuytelaars 04], or edges
[Canny 86]. Higher level features (straight lines, closed contours,...) can be obtained
by chaining several elementary features. Let me consider for example key-point features
since they are generally more likely to be found in an image. An ideal filter ϕ would be
able to extract from each image the exact coordinates of n points that corresponds to 3D
points of the scene:

si = ϕ(ψ(φi,κi,γ,Ti)) = (pi1,pi2, ...,pin) (3.1)

The ideal filter should also be able to extract exactly the same points in all the images,
if they are visible. Unfortunately this ideal filter do not exist and the accuracy and
repeatability (precision) of common extractor filters are limited.

3.1.1.1 Accuracy

Accuracy in feature detection is extremely important. Indeed, the error that is made
in the extraction will never be corrected in the following steps. Detection accuracy is
affected by several factors (see for example [Deriche 90]). Firstly, the filter should be
invariant to the photometric parameters φ, to the geometry of the scene and to the
viewpoint. Secondly, the filter should be robust to noise. To achieve these invariances,
filters are generally based on image processing (e.g. image gradients, smoothing, ...) that
affects the accuracy of the extraction. Note also that, the majority of filters should also
be invariant to the camera intrinsic parameters. Furthermore, most filters have been
designed and optimized for perspective cameras. Their application to other cameras, like
catadioptric sensors (due to their non uniform resolution), is not straightforward.
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3.1.1.2 Repeatability

Feature association in two different images can only be performed if we are able to extract
the same features in both images. Thus, another important characteristic of feature
extraction is repeatability. Perfect repeatability is extremely difficult to achieve. Indeed,
the extraction of the features generally depends on a threshold to decide if the feature
exists or not. When imaging conditions change the same feature may not be detected in
different images.

3.1.2 Features matching

Once we have extracted a collection of features in several images we need to match
them. Matching consists in finding which feature in the reference image corresponds to
which feature in the current image. Exhaustive features association may be performed
by considering all possible combinations of features and solving the underling projection
model. However, this approach is computationally expensive. Thus, feature matching
algorithms are generally simplified by computing some characteristic descriptors for each
feature. Then, using a similarity measure on the descriptors we can measure the most
similar couples of features in the two images.

In general, feature descriptors are not invariant to all involved parameters (illumi-
nation, geometry, motion, ...). Moreover, the similarity measure cannot tolerate gross
errors on the descriptors. Thus, several mismatched features are generally present at the
end of the matching process. Some of the false matches (outliers) can be eliminated “a
posteriori” using geometric constraints. Other false matches will not be eliminated since
they will be compatible with the geometric constraints and will be considered as inliers.
However, they will contribute to reduce the accuracy of the parametric estimation.

3.1.2.1 Descriptors

Descriptors are needed to simplify the data association. They are generally computed
by considering a region around the interest points (the simplest descriptor being the
region itself). Several descriptors have been proposed for interest points like [Lowe 04,
Mikolajczyk 04, Tuytelaars 04]. They are generally robust to affine image transforma-
tions and to affine illumination changes. Therefore, the performance of these descriptors
decreases with increasing perspective deformations or illumination changes.

3.1.2.2 Similarity measures

A similarity measure is needed to discriminate corresponding features. For example,
when we consider as a descriptor all the intensities of a region around an interest point,
a standard similarity measure is the zero-mean normalized cross correlation (ZNCC).
Any distance between two descriptors can be used a similarity measure. For example,
[Lowe 04] uses an Euclidean distance between the (128× 1) vectors containing the SIFT
descriptors.
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3.1.3 Parametric estimation

For simplicity, let me consider interest points as visual features and a monocular camera.
In addition, suppose that the data association problem has been perfectly solved. If it
is not the case, we can use robust estimation techniques, like RANSAC [Fischler 81],
the Hough transform [Duda 72] or M-estimators [Huber 81], to eliminate the outliers. If
we assume a perfect matching between points, we can estimate the parameters of the
projection model given in equation (1.20) by solving the following system of non-linear
equations:

π(κi, τ (Ti,mj)) = pij

where i ∈ 1, 2, . . . , ni and j ∈ 1, 2, . . . , np (ni and ni being the number of images and
points respectively ). These equations depend on the camera intrinsic parameters κi, the
camera extrinsic parameters Ti and the structure of the rigid body mj. We can see in
the following sections how the problems presented in Section 1.3.1.1, Section 1.3.1.2 and
Section 1.3.1.3 have been solved by feature-based methods.

3.1.3.1 Calibration of the vision system

Suppose that a metric model of the structure is known (e.g. the calibration grid in
Figure 3.1.3.1). For example, we know the coordinates mj of several 3D points in a
reference frame and we know that they correspond to the point pij in the i-th image (the
correspondence is generally given by the user). Then we can solve the following system
of equations:

π(κi, τ (Ti,mj)) = pij (3.2)

where the unknowns are the camera intrinsic parameters κ̂i and the camera extrinsic
parameters T̂i. Obviously we need at least as many equations as unknowns. If the
camera is not zooming (i.e. the camera intrinsic parameters are constant) then κ̂i = κ̂

and we obtain a over-constrained camera calibration: the number of equations is greater
than the number of unknowns. If we have more equations than unknowns, the camera
calibration can be defined as a non-linear least-squares optimization method. Calibration
methods are base on the solution of the nonlinear system (3.2). For pinhole cameras see
[Faugeras 87, Tsai 87, Weng 92, Zhang 00] while for central catadioptric cameras see
[Geyer 99, Fabrizio 02, Mei 07]. For example, using 26 images of the grid in figure 3.1.3.1
with the method proposed by [Faugeras 87], we obtain the following focal length f =
685 ± 3 and principal point (u0, v0) = (322, 229) ± (6, 40).

Image 1 Image 2 Image 3 Image 4

Figure 3.1: Images of a calibration grid.
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3.1.3.2 Localization and/or mapping

Suppose that we have a calibrated vision system but the structure is unknown. Then the
simultaneous localization and mapping problem can be formulated as the solution of the
following system of non-linear equations:

π(κi, τ (Ti,mj)) = pij (3.3)

Many approaches exist to solve this problem [Hartley 00, Faugeras 01, Ma 03]. They
can be classified in two groups: bundle adjustment or incremental. Those based on
bundle adjustment [Triggs 00] define a cost function containing all possible images and
search simultaneously for all the parameters. Besides that an initial estimation of the
optimization algorithms is generally needed, bundle adjustment supposes that all possible
images have been already been collected. Hierarchical bundle adjustment can be used
to reduce the computational cost [Royer 07]. However, incremental approaches are more
suitable for real-time robotics applications [Davison 03][Nister 06] [Se 05].

When we consider few images several algorithms exist to efficiently solve the system
of equations (3.3). For example, if we consider the image pairwise we can simplify the
equations and estimate the well know essential matrix [Faugeras 93]. When we consider
triplets of images we can estimate the trifocal tensor and if we consider quadruplets of
images we can estimate the quadrifocal tensor (see [Hartley 00, Faugeras 01, Ma 03] for
details).

Considering two images at a time is of particular interest for vision-based control
applications based on the teaching-by-showing approach. In this case the system of
equations (3.3) can be solved as follows. Let me set mij = τ (Ti,mj). Then, we can
“pseudo-inverse” the function π in order to obtain:

mij ∝ π
+(κi,pij) (3.4)

The “pseudo-inverse” function π+ is such that π(κi,π
+(κi,pij)) = pij. Then using

equation (1.4) we obtain that two image points in the i-th and k-th images are related
by the following relationship:

π+(κi,pij)
⊤ iEk π

+(κk,pkj) = 0 (3.5)

The essential matrices iEk can be computed from these equations [Longuet-Higgins 81]
[Hartley 97] [Nister 04]. Then, since iEk = [itk]×

iRk we can extract the rotation iRk and
the translation itk up to a scale factor [Faugeras 93]. Finally, we can also reconstruct the
structure up to this scale factor.

A degenerate case happens when the observed scene is a plane [Longuet-Higgins 84].
Dealing with degenerate cases is quite difficult. A possible solution is to maintain multiple
hypothesis and to select the best model [Torr 98]. However, switching between several
models can induce discontinuities in the estimation that one would like to avoid when
using the estimated parameters in feedback control loops. Another solution is to solve the
system of equations (3.3) using virtual parallax approaches [Boufama 95]. The equation
can be rewritten in order to obtain the following system of equations:

π+(κi,pij) ∝
iHkπ

+(κk,pkj) + βj
itk (3.6)
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where iHk is the homography matrix related to a virtual plane and βj is a scalar that
take into account of the distance (parallax) of the 3D point with respect to the virtual
plane. Eliminating βj

itk from the equations we can directly estimate the homography
matrix iHk without knowing “a priori” if the scene is planar or not [Malis 00a] [Espiau 02].

If we know “a priori” that we observe a planar scene we can take into account this
information since in this case we have no parallax βj = 0, ∀j. Thus, the points on the
plane are related by a homography matrix (see equation (1.7)):

π+(κi,pij) ∝
iHkπ

+(κk,pkj) (3.7)

These equations are linear in the entries of the homography matrices. Once the matrices
iHk have been estimated we can extract the rotation and the translation up to a scale
factor, and the normal to the plane. There are generally two possible solutions to the
homography decomposition. To find these solutions, several numerical decomposition
methods have been proposed [Faugeras 88, Zhang 96]. With such numerical methods,
theoretical analysis of the influence of calibration errors on the reconstruction of the ro-
tation, translation and normal vector is impossible. This theoretical analysis is extremely
useful to prove the robustness of vision-based control laws [Malis 99, Malis 01a, Malis 02f].
This is the reason why we have explicitly computed the analytical solutions of the de-
composition:

Ra = fr(H) (3.8)

ta = ft(H) (3.9)

na = fn(H) (3.10)

The exact expressions of the functions fr(H), ft(H) and fn(H) are too long to be pre-
sented here and can be found in [Malis 07b]. The explicit analytical expression of one
solution of the decomposition as a function of the other solution can also be obtained:

Rb = Ra +
2

ρ2

[
ν ta n⊤

a − tat
⊤

a Ra − ‖ta‖
2 Ra nan

⊤

a − 2Ra nat
⊤

a Ra

]
(3.11)

tb =
‖ta‖

ρ
Ra

(
2na + R⊤

a ta

)
(3.12)

nb =
1

ρ

(
‖ta‖na +

2

‖ta‖
R⊤

a ta

)
(3.13)

where ρ = ‖2na + R⊤

a ta‖ and ν = 2 (n⊤

a R⊤

a ta + 1). Again, these relationships are
extremely useful for the design of vision-based control laws. For example, in [Vargas 05]
we have found that by mixing both solutions of the decomposition in an appropriate
control law it is possible to converge into a particular camera configuration where it is
possible to distinguish between the true and the false solution.
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Localization (pose reconstruction)

A common problem is to reconstruct the pose when the camera parameters and the
structure are known:

π(κ, τ (Ti,mj)) = pij (3.14)

This problem is of particular interest in robotic applications since the pose can be directly
used to control the robot. There are two classes of methods to solve this problem: iterative
and non-iterative methods.

Iterative methods minimize an appropriate cost function (e.g. least-squares error)
built from the equations [Lowe 91, Kumar 94b, Dementhon 95, Horaud 97, Lu 00]. They
are very accurate but they need an initial estimation of the pose to avoid local minima
of the cost function.

Non-iterative methods are generally based on a “linearization” (i.e. lifting the prob-
lem to a higher dimensional space) of the equations [Dhome 89, Fiore 01, Ansar 03,
Moreno 07]. The accuracy of these algorithms is generally lower since the non-linear
constraints on the rotation are not directly enforced. However, they can be used to
initialize the iterative algorithms.

Mapping (structure reconstruction)

If the displacements between the images are known the problem becomes simpler since
only the structure must be recovered. This problem is called “structure from known
motion”. The system of non-linear equations to be solve becomes:

π(κ, τ (Ti,mj)) = pij (3.15)

This is is the problem we have to solve when we consider a calibrated stereo system. The
same problem appears when we can measure the pose (or integrate the velocity) of a
well calibrated robot. Several approaches have been proposed [Matthies 89], [Smith 94],
[Chaumette 96], [De Luca 07b].

Note that the problem can also be “easily” solved without completely knowing the
pose. Indeed, it is well-know that the affine reconstruction from perspective images is very
easy if the motion of the camera between two images is a pure translation [Moons 96].
The direction of the translation can be arbitrary and unknown (if the amplitude of the
translation is also unknown the the mapping will be recovered up to an unknown scale
factor). This problem can be called “structure from partially known motion”. The
translation can be performed by a perfectly calibrated robot. However, if the robot is
not well calibrated or mobile (i.e. with unavoidable drifting) it is not possible to perform
an open-loop pure translation. Thus, we have proposed in [Malis 03c] an active affine
reconstruction method in which the pure translation is performed closing the loop with
a 2.5 D visual servoing technique [Malis 99]. Note also that for an affine reconstruction
the camera does not need to be calibrated.
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3.1.3.3 Self-calibration of the vision system

Self-calibration is even more difficult than SLAM since the camera intrinsic parameters
are also unknowns. The problem is to solve the following non-linear system of equations:

π(κi, τ (Ti,mj)) = pij

Since the camera intrinsic parameters are unknowns, we cannot compute the “pseudo-
inverse” of the function π. This problem is generally not well-posed and a sufficiently rich
motion of the camera must be supposed (camera rotations are needed). Constraints on the
camera intrinsic parameters must be added if they are not constant. Bundle adjustment
approaches generalize well to this problem [Triggs 00]. However, it is generally more
difficult to find an initialization for the optimization algorithms.

The self-calibration problem becomes easier if we consider pinhole cameras. In this
case, it is possible to factor out the camera intrinsic parameters to obtain mij ∝ K−1

i p
ij
.

Thus we obtain an uncalibrated equation, equivalent to equation (3.5), for pinhole cam-
eras:

p⊤

ij

iFkpkj
= 0 (3.16)

where iFk = K̂−⊤

i
iEkK̂

−1
k is the uncalibrated essential matrix (generally called the fun-

damental matrix [Faugeras 93]). Similarly, we can obtain the uncalibrated equivalent of
the virtual parallax in equation (3.6):

p
ij
∝ iGkpkj

+ βj
iek (3.17)

where iGk = K̂i
iHkK̂

−1
k is a uncalibrated homography and iek = K̂i

itk is the epipole.
Self-calibration methods of pinhole cameras are generally based on the recovery of

the uncalibrated essential matrices for non-planar scenes or on the recovery of the uncal-
ibrated homography matrices for planar scenes [Hartley 00].

An example of a self-calibration method based on the estimation of the uncalibrated
essential matrices is given in the next section. Then, a more detailed description of our
contributions to the self-calibration from uncalibrated homographies is discussed.

3.1.3.3.1 Non planar structure
After estimating the uncalibrated essential matrices [Faugeras 93] the self-calibration
problem is solved by imposing some constraints [Triggs 97, Mendonça 99, Pollefeys 99].

The idea behind the method proposed in [Mendonça 99] inspired us to propose a
similar constraint for the self-calibration from homographies. Suppose to start from
approximated values of K̂i to compute the calibrated essential matrices:

iÊk = K̂⊤

i
iF̂kK̂k

The singular values of the matrices are svd(iÊk) = (σ̂′

ik, σ̂
′′
ik, 0). They should be equal

σ̂′

ik = σ̂′′
ik. However, this is not the case if the estimated K̂i are not correct. Thus, we

can build a cost function to minimize the “difference” between the two singular values.
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3.1.3.3.2 Planar structure

For pinhole cameras, the uncalibrated homography matrix iGk links two correspond-
ing points in the i-th and k-th images:

pi ∝
iGkpk (3.18)

where iGk = Ki
iHkK

−1
k . If we have enough information (at least 4 corresponding points

for each image pair), then we can estimate iĜk for each couple of images i and k (obviously
iĜk = I when i = k). If the iĜk were correctly estimated they should satisfy the
constraints:

iĜk ∝ iĜj
jĜk (3.19)

This is not the case in general due to image noise and errors in features extraction
and matching. Plane-based self-calibration methods like the one proposed by [Triggs 98]
suffer from these errors. In order to reduce their influence, we proposed to impose the
constraints between uncalibrated homographies using an iterative method [Malis 00b].
By imposing the constraints, we obtained an accurate self-calibration from planar scenes
with unknown metric structure. We do not use any key image but all the images are
equally treated, averaging the uncertainty over all of them. Assuming that the principal
point is known, the method can be applied for the self-calibration of a camera with
varying focal length [Malis 00c]. The global approach has been described in [Malis 02g]

and it is based on the following idea. Suppose to start from approximated values of K̂i

to compute the calibrated homography matrices:
iĤk ∝ K̂−1

i
iĜk K̂k (3.20)

Each estimated calibrated-homography matrix iĜk can be decomposed to find the normal
vector n̂k. These vectors should be such that the matrices iĤk [n̂k]× have two equal

singular values. This is not the case if the K̂i are not correct. Thus, we can build an
error to be minimized. The Figure 3.2 shows four images of a planar structure use to test
our self-calibration algorithm. The images were taken with the same camera calibrated
in Section 3.1.3.1 with 26 images of a calibration grid. The self-calibrated parameters
where f = 678 and (u0, v0) = (355, 216) while the calibrated parameters were f = 685
and (u0, v0) = (322, 229). Therefore, we have 1% error on the measure of the focal length,
which is a satisfactory result considering that we used four images only. Once we have
estimated the intrinsic parameters we can also recover the poses and the normal vector.

Image 1 Image 2 Image 3 Image 4

Figure 3.2: Images of the façade of the St. Catharine’s College, Cambridge (UK).
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3.2 Direct methods

Direct methods perform data association and parameter estimation simultaneously. The
definition of direct methods given in [Irani 00] states that all pixels in the image (or in
an area of interest) must be involved in the estimation process. However, I do not believe
that this is important and I use a different definition of direct methods that allows pixels
selection. An example of pixel selection is to choose non-homogeneous regions of the
image and to discard homogeneous ones. Direct methods are more accurate than feature-
based methods not only because they use much more information but also because they
avoid the extraction of a set of distinct features from each image separately. Thus, direct
methods can be used for images that do not contain distinctive features: only sufficient
image gradient along different directions is needed. In addition, direct methods allows us
to explicitly “a priori” enforce structural constraints that feature based methods try to
impose “a posteriori”.

Parametric estimation with direct methods is generally defined as an optimization
problem, and is composed of three steps:

• register (warp) the current image into the reference frame with current parameters.
The modeling of an appropriate warping function is then fundamental ;

• compute the “difference” between the reference and the warped images. Then,
compute an appropriate cost function (e.g. the sum of squared differences (SSD)) ;

• compute an increment of the parameters that decreases the cost function and update
the current parameters.

The modeling of the warping function, the choice of the cost function and the design of
efficient numerical methods to minimize the cost function are central issues. In particular,
direct methods are limited by the performances of numerical optimization methods. In-
deed, in order to meet real-time requirements we generally use optimization methods that
have limited convergence domain (the computational cost of global optimization methods
is generally too high). For this reason, direct methods are believed to fall into the class
of incremental approaches, and to be only applicable when the difference between two
images is small enough.

The two following sections detail our research work on these topics. In particular,
if all the parameters are unknowns, only the image registration problem is considered.
Solving the image registration problem is equivalent to the estimation of the epipolar
geometry. On the other hand, if the camera parameters are known we can directly
perform localization and/or mapping in the Euclidean space. For both problems, the
ESM described in Chapter 2 can be applied to improve the performances (convergence
rate and convergence domain) of incremental direct methods. Even if the ESM is shown
to outperform standard local optimization methods, it remains a local method. If the
initial estimate of the parameters is too different from the true solution any local method
will fail. For this reason, we are currently studying automatic real-time initialization and
re-initialization techniques. Promising results have been obtained in [Benhimane 08].
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3.2.1 Incremental image registration

Image registration of rigid and deformable surfaces is an active field of research. It has
many applications for example in medical imagery, augmented reality and robotics. To
solve this problem, several approaches have been proposed in the literature [Brown 92,
Zitova 03]. In this document, I focus on iterative direct methods that are potentially
real-time since we are interested in robotic applications, such as visual servoing. Addi-
tionally, I will not consider methods that rely on an off-line learning step like [Gleicher 97,
Cootes 98, Black 98, La Cascia 00, Fleet 00].

Direct approaches minimize a similarity measure between a reference template and a
region of the current image warped with appropriate geometric and photometric parame-
ters. The underlying assumption of incremental direct methods is that the deformations
between two views of the surface are sufficiently small. This will typically be the case
in video sequences or after a correct initialization. In this document, methods based
on optical flow [Horn 81] [Horn 88] are not considered since they suppose a too small
displacement between two images.

Figure 3.2.1 shows an example for a monocular camera. The reference template T

can be the whole image I0. All possible unknown parameters are in x . Once we find
the optimal parameters x 1 to align the image I1 with the reference template T we look
for the incremental parameters x to align the image I2 with T , and so on. In some
applications, like SLAM in large scale environments the part of the scene observed in the
reference template may be not visible any more. In this case, a new reference template
must be selected (see Section 3.2.2).
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Figure 3.3: Incremental image registration.
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Initial works on incremental direct image registration started supposed that the scene
was planar and parallel to the image plane [Lucas 81], and that the observed surface was
Lambertian. Then all possible motions of a plane and more complex object shapes were
considered [Bergen 92, Kumar 94a, Szeliski 95, Irani 02]. These methods generally mini-
mize the sum of squared differences (SSD) using standard iterative optimization methods
like the Gauss-Newton or the Levemberg-Marquardt methods. The same optimization
approach can be used for the direct image registration of deformable surfaces [Bartoli 04].

One important step towards real-time applications with fast frame rate has been im-
proving the efficiency of the standard optimization method. Two approaches are possible
for building efficient algorithms. The first one is to keep the same convergence rate (the
number of iterations needed to obtain the minimum of the similarity measure) while
reducing the computational cost per iteration. This can be achieved by pre-computing
partially [Hager 98] or completely [Baker 01] the Jacobian used in the minimization. The
main limitation of these approaches is that they can only be applied to certain classes of
warp.

An alternative approach for building efficient algorithms is to keep the same compu-
tational cost per iteration while increasing the convergence rate. This can be achieved for
example by using the Efficient Second-order approximation Method described in Chap-
ter 2. This approach has initially been applied to the estimation of a homography for the
visual tracking of planar surfaces with a perspective camera in [Benhimane 04]. Then,
we have extended our approach to the image registration of regular rigid or deformable
surfaces [Malis 07a]. In order to cope with occlusions and specularities we have used in
[Malis 07a] the robust optimization techniques presented in Section 2. Despite the results
were improved, robust optimization technique tend to decrease the efficiency. Thus, we
have proposed in [Silveira 07b] to model the illumination changes. The proposed ap-
proach is generic: it does not require either the characteristics of the light sources (e.g.
number, power, pose), nor about the reflectance properties of the surface.

If we compare the ESM to existing optimization techniques, a greater efficiency is
obtained by reducing the number of iterations needed to converge to the minimum of
the similarity measure. The convergence domain is also larger than the domains of stan-
dard optimization techniques. Therefore, the ESM algorithm is particularly adapted to
image registration. For example, we showed in [Vercauteren 07] that the ESM theory
provide interesting theoretical roots to the different variants of Thirion’s demons algo-
rithm [Thirion 98]. The demons algorithm proposed by Thirion is one of the most efficient
methods for non-rigid image registration and it is related to gradient descent optimization
[Pennec 99]. One of the main results of the theoretical analysis in [Vercauteren 07] was to
show that the symmetric forces variants of the algorithm [Thirion 98, Wang 05, Rogel 06]
are related to the ESM scheme. This study thus explains why, from a theoretical point
of view, the symmetric forces demons algorithm are more efficient in practice.

3.2.1.1 Generic warping model

For the sake of simplicity, consider in this section that the observed scene is Lambertian
ans static with respect to the light sources. Thus, the photometric parameters φi are
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constant and we can set I i(p) = I(φi,p). The more general case of non-Lambertian
scenes will be discussed in the next section. Consider a generic warping function w :
R

2 7→ R
2 which transforms the coordinates p0j of the j-th pixel in the reference template

into the current image coordinates:

pij = w(g i,p0j)

where g i ∈ G (G being a Lie group) contains the intrinsic camera parameters, the pose
of the camera and the parameters describing the structure of the scene. This function
is detailed in [Malis 07a]. The structure of the scene is described by a small number of
parameters (this number obviously depends on the complexity of the scene). For example,
regular surfaces can be approximated using the Radial Basis Functions (RBF) [Carr 97]
(see Section 3.2.1.2).

Let me set x i = g i and suppose that we have an initial approximation x̂ i of the true
parameters x i. Let z be the vector which contains the coordinates of the Lie algebra
of G. Thus, z is a local parametrization of G and, via the exponential map, x (z) ∈ G.
Using the same notation of Chapter 2, the incremental image registration problem can
be formulated as the solution of the following non-linear system defined on the Lie group
G:

fk(x̂ i · x (z)) = I i(w(x̂ i · x (z),p0j)) − I0j = 0

where k = {1, 2, . . . , susv} ((su × sv) being the size of the reference image or template).
The coordinates p0j of the pixels of the reference template are known and constant. We
suppose that x i exist such that the current image I i can be registered with the reference
image I i(w(x ,p0j)) = I0j. Finally, let me note z̃ the optimal increment such that we

obtain the exact solution of the problem: x (z̃) = x̂
−1 · x = x̃ .

3.2.1.1.1 Computing the Jacobians for the ESM

In order to apply the ESM (see equation (2.91)), we need to compute the Jacobian J (x̂ )
(called the current Jacobian):

J (x̂ ) = ∇f (x̂ · x (z))|z=0

and the Jacobian J (x ) (called the reference Jacobian):

J (x ) = ∇f (x̂ · x (z))|z=ez

Without loss of generality, only the j-th row of the current and reference Jacobians is
computed. The full-sized Jacobians can be easily obtained by stacking all the rows to-
gether. In the general case, a small part of the reference Jacobian must be approximated.
However, the experimental results demonstrate that even with this approximation the
ESM has still superior performance with respect to standard numeric methods. On the
other hand, in the particular case when the warping function is a group action of G on R

2

on the left, the reference Jacobian can be completely computed from image data. This is
for example the case when we track a planar object with an uncalibrated pinhole camera
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(x ∈ SL(3) represents a homography) [Benhimane 04]. Another example is the when we
track rigid objects with a calibrated stereo pair (x ∈ SE(3) represent the displacement
of the stereo pair) [Comport 07].

Current Jacobian

The j-th row of the current Jacobian is:

J k(x̂ ) = ∇fk(x̂ · x (z))|z=0 = ∇I(w(x̂ · x (z),pj))|z=0

Let me rewrite the function I as follows:

I(w(x̂ · x (z),p)) = I(w(x̂ ,w−1(x̂ ,w(x̂ · x (z),pj))))

Thus, using the chain rules for derivatives we obtain:

∂I(w(x̂ · x (z),pj))

∂z

∣∣∣∣
z=0

=
∂I(w(x̂ ,q))

∂q

∣∣∣∣
q=pj

∂w−1(x̂ ,w(x̂ · x (z),pj))

∂z

∣∣∣∣
z=0

It is important to note that the first part of the derivative is a (1×2) vector that can
be computed directly from the current image data. The vector contains the gradient of
the warped image (i.e. the image being warped with w(x̂ )) computed at pj. The second
part of the derivative can be decomposed into two parts:

∂w−1(x̂ ,w(x̂ · x (z),pj))

∂z

∣∣∣∣
z=0

=
∂w−1(x̂ ,q)

∂q

∣∣∣∣
q=w(bx ,pj)

∂w(x̂ · x (z),p)

∂z

∣∣∣∣
z=0

The first part is:

∂w−1(x̂ ,q)

∂q

∣∣∣∣
q=w(bx ,p)

=

(
∂w(x̂ ,q)

∂q

∣∣∣∣
q=pj

)−1

and the second part is:

∂w(x̂ · x (z),pj)

∂z

∣∣∣∣
z=0

=
∂w(x ,pj)

∂x

∣∣∣∣
x=bx

∂ x̂ · x (z)

∂z

∣∣∣∣
z=0

where
∂ x̂ · x (z)

∂z

∣∣∣∣
z=0

=
∂ x̂ · x

∂x

∣∣∣∣
x=e

∂x (z)

∂z

∣∣∣∣
z=0

Finally, the j-th row of the current Jacobian can be written as follows:

J k(x̂ ) =
∂I(w(x̂ ,q))

∂q

∣∣∣∣
q=pj

(
∂w(x̂ ,q)

∂q

∣∣∣∣
q=pj

)−1
∂w(x ,pj)

∂x

∣∣∣∣
x=bx

∂ x̂ · x

∂x

∣∣∣∣
x=e

∂x (z)

∂z

∣∣∣∣
z=0

(3.21)
Therefore, the current Jacobian can be computed from image data only.
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Reference Jacobian

The j-th row of the reference Jacobian is:

J k(x ) = ∇f i(x̂ · x (z))|z=ez = ∇I(w(x̂ · x (z),pj))|z=ez

Let me rewrite the function as follows:

I(w(x̂ · x (z),pj)) = I(w(x ,w−1(x ,w(x · x̃−1 · x (z),p))))

Like for the current Jacobian, the derivative can be decomposed into two parts:

∂I(w(x̂ · x (z),pj))

∂z

∣∣∣∣
z=ez

=
∂I(w(x ,q))

∂q

∣∣∣∣
q=pj

∂w−1(x ,w(x · x̃−1 · x (z),pj))

∂z

∣∣∣∣∣
z=ez

Again, the first part of the Jacobian is a (1×2) vector that can be computed directly
from the reference image data. It is very important to remark that the gradient of the
reference image can be computed without explicitly knowing the true solution x. The
the second part of the derivative is again decomposed into two parts:

∂w−1(x ,w(x · x̃−1 · x (z),pj))

∂z

∣∣∣∣∣
z=ez

=
∂w−1(x ,q)

∂q

∣∣∣∣
q=w(x ,pj)

∂w(x · x̃−1 · x (z),pj)

∂z

∣∣∣∣∣
z=ez

The first part is:

∂w−1(x ,q)

∂q

∣∣∣∣
q=w(x ,pj)

=

(
∂w(x ,q)

∂q

)−1
∣∣∣∣∣
q=pj

and the second part is:

∂w(x · x̃−1 · x (z),pj)

∂z

∣∣∣∣∣
z=ez

=
∂w(x ,pj)

∂x

∣∣∣∣
x=x

∂x · x̃−1 · x (z)

∂z

∣∣∣∣
z=ez

where
∂ x̂ · x (z)

∂z

∣∣∣∣
z=ez

=
∂x · x

∂x

∣∣∣∣
x=e

∂ x̃
−1 · x (z)

∂z

∣∣∣∣
z=ez

Due to the parametrization of the increment by using Lie Algebra, we have the following
formula:

∂x̃−1 · x (z)

∂z

∣∣∣∣
z=ez

z̃ =
∂x (z)

∂z

∣∣∣∣
z=0

z̃ (3.22)

This formula shows that we do not need to know z̃ to compute this last Jacobian. This
explains why the parametrization using Lie algebra is a key point of our algorithm.
Another parametrization may imply that this part of the Jacobian matrix depends on z̃.
As a consequence, in that case, the Jacobian is only an approximation.
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Finally, the j-th row of the reference Jacobian can be written as follows:

J k(x ) =
∂I(w(x ,q))

∂q

∣∣∣∣
q=pj

(
∂w(x ,q)

∂q

∣∣∣∣
q=pj

)−1
∂w(x ,pj)

∂x

∣∣∣∣
x=x

∂x · x

∂x

∣∣∣∣
x=e

∂x (z)

∂z

∣∣∣∣
z=0

(3.23)
The third and fourth Jacobians generally depends on the unknown value x of the param-
eters. Thus, we use their approximated value x̂ .

Computing the Jacobians when the warping is a group action

Let me suppose that the warping function is a group action of G on R
2 on the left:

w(x̂ · x ,pj) = w(x̂ ,w(x ,pj))

which means that:
w−1(x̂ ,w(x̂ · x ,pj)) = w(x ,pj)

Thus, the following identity is verified:

∂w−1(x̂ ,w(x̂ · x ,pj))

∂x

∣∣∣∣
x=e

=
∂w(x ,pj)

∂x

∣∣∣∣
x=e

Therefore, the second, third and fourth Jacobians in equation (3.21) can be replaced by
a simpler Jacobian

(
∂w(x̂ ,q)

∂q

∣∣∣∣
q=pj

)−1
∂w(x ,pj)

∂z

∣∣∣∣
x=bx

∂ x̂ · x

∂x

∣∣∣∣
x=e

=
∂w(x ,pj)

∂x

∣∣∣∣
x=e

Thus, the current Jacobian becomes:

J k(x̂ ) =
∂I(w(x̂ ,q))

∂q

∣∣∣∣
q=pj

∂w(x ,pj)

∂x

∣∣∣∣
x=e

∂x (z)

∂z

∣∣∣∣
z=0

The same manipulation can be used for the reference Jacobian:

∂w−1(x ,w(x · x ,pj))

∂x

∣∣∣∣
x=e

=
∂w(x ,pj)

∂x

∣∣∣∣
x=e

Thus, the second, third and fourth Jacobians in equation (3.23) can be replaced by a
simpler Jacobian

(
∂w(x ,q)

∂q

∣∣∣∣
q=pj

)−1
∂w(x ,pj)

∂z

∣∣∣∣
x=x

∂x · x

∂x

∣∣∣∣
x=e

=
∂w(x ,pj)

∂x

∣∣∣∣
x=e

Therefore, the reference Jacobian becomes:

J k(x ) =
∂I(w(x ,q))

∂q

∣∣∣∣
q=pj

∂w(x ,pj)

∂x

∣∣∣∣
x=e

∂x (z)

∂z

∣∣∣∣
z=0
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The reference Jacobian can now be completely computed from image data only.
The warping function is a group action when we want to register, with a pinhole

camera, a Lambertian planar object that freely moves in the Cartesian space. The 8
parameters that define the transformation of the object are encoded in the (3×3) uncal-
ibrated homography matrix G ∈ SL(3). Thus, the warping function for a planar object
can be obtained by setting x i ≡ iG0. The current image point pij can be written as
follows:

pij = w(iG0,p0j) =

(
g11 u0j + g12 v0j + g13

g31 u0j + g32 v0j + g33

,
g21 u0j + g22 v0j + g23

g31 u0j + g32 v0j + g33

)

It is easy to verify that such warping is a group action of SL(3) on R
2 on the left:

w(Ĝ,w(G,p0j)) = w(ĜG,p0j)

3.2.1.2 Generic photometric model

In [Silveira 07b], we proposed a unified method to deal with the incremental image reg-
istration problem of either Lambertian or non-Lambertian objects under shadows, inter-
reflections, glints as well as ambient, diffuse and specular reflections which may vary in
power, type, number and space. The method is based on the following generic model of
illumination changes:

I ′(x i,p0j) = Ĩ(αi,p0j) · I i(w(g i,p0j)) + βi

where xi = (gi,αi, βi). The global illumination change is taken into account in βi while
diffuse and specular illumination changes are taken into account in αi. The function
Ĩ(αi,p0j) approximate all possible illumination changes. We model the function as a
parametric surface depending on a limited number of parameters (less parameters than
the available equations). We have tested various techniques to model such a surface. For
example, a regular surface can be approximated using the Radial Basis Functions (RBF)
[Carr 97] with a thin-plate spline function γ:

Ĩ(α,p0j) = (αc+1, αc+2, αc+3)
⊤p +

n∑

k=1

αkγ(‖p0j − ck‖)

where {ck} are n image points (called centers) that can be selected, for example, on a

regular grid. Note that the function Ĩ is linear in the unknowns α. The use of RBFs
allows to regularize the surface but they may fail to accurately capture discontinuities.
Thus, we have also tested another suitable strategy for dealing with discontinuous sur-
faces. In this case, Ĩ(αi,p0j) is approximated by a discretized surface which evolves with
time (see the figure 3.2.1.2).

The system of non-linear equations can be written now as follows:

fk(x ) = I ′(x i,p0j) − I0j = 0
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Again, we applied the ESM to the least-squares optimization problem. The computation
of the Jacobians related to the photometric parameters is detailed in [Silveira 07b].

Figure 3.4: Approximating the surface Ĩ(α,p) placing centers on a regular grid. The
discretized surface (represented by boxes) can handle discontinuities while RBFs provide
a regular (smooth) approximation.

3.2.1.3 Experimental results

In this section I briefly present four sets of experiments to show the performances of
our image registration approach. Figure 3.5 shows the image registration of a planar
surface. The ESM allows to align at run time the images acquired at 100 Hz with a
reference template of size (400 × 200) pixels. Figure 3.6 shows the image registration
under arbitrary illumination changes. Remark the strong perspective and photometric
deformations (shadows, specularities,...). Details of the experiments can be found in
[Silveira 07b]. Figure 3.7 and Figure 3.8 show the image registration of rigid surfaces.
In these experiments we used RBFs to approximate the regular surfaces. The centers
are placed on the corners of the grid. The regular grid is deformed in the current im-
age accordingly to the surface of the objects, showing that the structure is correctly
estimated. After camera self-calibration, the surface can be reconstructed up to a scale
factor (see for example [Malis 07a]). Figure 3.9 and Figure 3.10 show the image registra-
tion of non rigid surfaces. More results on non-rigid image registration can be found in
[Vercauteren 07]. In the present sequences, we did not apply our approach to deal with
illumination changes. Thus, the results can be considerably improved for heart sequence
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since a lot of specularities perturbs the the registration.

Image 1 Image 81 Image 201 Image 361

Registration 1 Registration 81 Registration 201 Registration 361

Figure 3.5: Image registration of a planar surface with an uncalibrated pinhole camera in
a sequence of 361 images. The size of the selected template has (400× 200) pixels. The
image registration with the ESM ran in real-time at 100 Hz. The bottom row shows the
area of interest aligned with respect to the template.

Image 1 Image 43 Image 75 Image 116

Registration 1 Registration 43 Registration 75 Registration 116

Figure 3.6: Image registration with an uncalibrated pinhole camera under generic illumi-
nation conditions in a sequence of 116 images. The bottom row shows the area of interest
registered with respect to the template. The compensation of the illumination changes
is not shown in the images.
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Image 1 Image 300 Image 500 Image 600

Registration 1 Registration 300 Registration 500 Registration 600

Figure 3.7: Image registration with an uncalibrated pinhole camera in a sequence of 600
images. The top row shows the (4×4) regular grid used to align the area of interest in
the sequence. The bottom row shows the area of interest registered with respect to the
template.

Image 1 Image 250 Image 350 Image 450

Registration 1 Registration 250 Registration 350 Registration 450

Figure 3.8: Image registration with an uncalibrated pinhole camera in a sequence of 450
images. The top row shows the (6×6) regular grid used to align the area of interest in
the sequence. The bottom row shows the area of interest registered with respect to the
template.
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Image 1 Image 800 Image 1000 Image 1082

Registration 1 Registration 800 Registration 1000 Registration 1082

Figure 3.9: Image registration of a deformable surface with an uncalibrated pinhole
camera in a sequence of 1082 images. The top row shows the (4×4) regular grid used
to align the area of interest in the sequence. The bottom row shows the area of interest
registered with respect to the template.

Image 1 Image 50 Image 130 Image 220

Registration 1 Registration 50 Registration 130 Registration 220

Figure 3.10: Image registration of a deformable surface with an uncalibrated pinhole
camera.
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3.2.2 Localization and/or Mapping

Our approach to visual simultaneous localization and/or mapping consists in performing
direct image registration with a calibrated camera in order to recover explicitly the pose
of the camera and/or structure parameters (in image registration these parameters are
mixed with the camera intrinsic parameters). If the structure is known and the illu-
mination conditions do not change, then the only unknown is the pose of the camera
[Benhimane 06b]. If the structure is unknown and we observe a planar scene we can esti-
mate a calibrated homography matrix that contains both the pose and the normal to the
plane [Mei 06a]. The pose and the normal to the plane are recovered by decomposing the
homography. However, if we observe simultaneously several planes rigidly linked between
them, it is difficult to impose the constraint that their related homographies must contain
the same pose. Thus, instead of register each plane separately, we obtain more accurate
results if we register all planes at a time having as unknowns the pose and all the normal
vectors [Mei 06b]. Note that in these two last papers we have shown how the approach
can be applied to any central catadioptric camera.

When dealing with large scale environments, the part of the scene visible in the ref-
erence templates may disappear. Thus, it is necessary to regularly update/insert new
reference templates. Figure 3.11 illustrates that situation. At the i-th image the region
R02 disappear. A new region Ri1 is included.

x 1

x 2

x i

x (z)

x i+1

IiI2I1I0 Ii+1

R01

R02 Ri1

R01

Ri1

R01

R02

Figure 3.11: Incremental visual SLAM.

The problem of how to include new visual information in the estimation is particu-
larly difficult when we consider a monocular camera since the structure of the scene is
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not observable is the camera do not translate (for small translation the estimation of
the structure is a ill conditioned problem). This cause an important problem for the
initialization of the visual SLAM. Moreover, for monocular cameras the localization is
obtained only up to scale (another sensor or an “a priori” information is needed to recover
the scale). Thus, an error in the estimation of the scale can have serious consequences
on the accuracy of the localization and mapping.

Using a stereo-vision system (or even more cameras) can simplify the problem but not
solve it completely. Indeed, when the baseline (the distance between the two cameras of
the stereo-vision system) is small with respect to the distance to the observed scene the
stereo-vision system will behave like a single camera.

Therefore, it is important to study both monocular and stereo configurations. The
two following sections briefly review our contributions in this topics.

3.2.2.1 Monocular vision

Standard approaches to monocular SLAM often do not consider the estimation of vari-
able illumination and separate the estimation of structure and motion into two distinct
processes, e.g. [Molton 04]. When the estimation of structure and motion is integrated
into a unified framework, for example using an Extended Kalman Filter, it assumes dif-
ferential image displacements which limit the system to very slow camera motions, e.g.
[Jin 03].

In [Silveira 07c] we have proposed an unified direct image registration approach for
monocular SLAM that integrates the generic photometric model and fully exploit the
ESM scheme to handle larger camera displacements. We have also given other contribu-
tions. First of all, we have handled the observability problems in the initialization step.
Then, we have parametrized the structure in order to directly enforce positive depths
in the optimization. We have shown that standard methods need to add new features
to track more frequently. Hence, the proposed method allows to reduce the drift by
maintaining longer the estimation of the displacement with respect to the same reference
frame.

3.2.2.2 Stereo vision

The visual SLAM can be simplified by considering a stereo-vision system [Comport 07].
In this case, the structure can be directly estimated from the dense stereo correspondences
(the disparity map). Thus, the only unknown become the pose of the vision system. We
applied the ESM optimization by defining a quadrifocal warping function w : SE(3) ×
R

2 × R
2 7→ R

2 × R
2 that allows to transform the points in the reference left and right

images into the points in the current left and right images. Let p = (pl,pr) be a vector
containing the coordinates of the same point in the left and right reference images. The
current points can be obtained as follows: p′ = w(g,p) where g ∈ SE(3) contains the
pose of the current stereo pair. The warping function also depends on the parameters of
the stereo pair (intrinsic camera parameters and the relative pose of the two cameras)
but their are known and constant. We showed that the warping function proposed in
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[Comport 07] is a group action of SE(3) on R
2 × R

2 on the left. Thus, setting x = g
the ESM scheme can be applied without any approximation (see section 3.2.1.1) in order
to align the current pair of images with the reference pair. Robustness with respect to
occlusions and errors in the reconstruction of the disparity map is handled using the
robust optimization techniques presented in Chapter 2.

Since we deal with large scale environments the reference pair must be updated regu-
larly (see Figure 3.2.2.2). A set of key reference image-pairs are used to initialize tracking
locally around the reference positions. These reference pairs provide a calibrated set of
highly redundant dense correspondences to perform tracking and pose estimation. As
will be shown by the experiments in Section 3.2.2.3, this leads to impressive results in
real-scenes with occlusions, large inter-frame displacements, and very little drift over very
long sequences of images.

T1

T2

Ti

T(z)

Ti+1

left image
left image

update reference images
right image

left image

I2I1I0 Ii+1Ii

right image
right image

Figure 3.12: Incremental stereo visual SLAM.

3.2.2.3 Experimental results

In this section, I briefly describe three experiments that validate the accuracy of direct
image registration approach for visual SLAM.

Figure 3.13 shows a visual SLAM experiment with a catadioptric camera mounted
on the mobile robot Anis. The odometry of the robot has been used as a ground truth
(the experiment was ran on a short distance) together with the assumption that two
walls in the corridor are perpendicular. We manually selected four reference templates
(figure 3.13). The two templates on the same wall considered to be on the same plane
(i.e. only one homography was estimated). For each homography, a translation up to a
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scale factor and a rotation can be extracted (the ambiguity was solved by using several
frames). The scale was then fixed by an off-line measure of the distance of the camera
to one of the planes. The angles estimated between the planes were of 87◦ and 91◦.
One of the templates was obstructed starting from image 100 but the median give a very
robust estimate: the mean absolute error was [0.01, 0.01, 0.01] meters for the translations
and [1.6, 2.2, 1.0] degrees for the rotations. Details of the experiment can be found in
[Mei 06a]. Tracking jointly all the templates provide even more precise results [Mei 06b].

Image 1 Image 50 Image 75 Image 120

Registration 1 Registration 50 Registration 75 Registration 120
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Figure 3.13: Direct visual SLAM with a calibrated omnidirectional camera mounted on
a mobile robot. The plots show the estimated translations and rotations in dotted lines
and the odometry of the robot in full lines.

Figure 3.14 shows a visual SLAM experiment with a pinhole camera. The camera is
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mounted on a car running in Versailles, France. At the beginning of the experiment, the
structure of the scene is unknown and it can be seen as belonging to the plane at infinity
(see left image in Figure 3.14). Three planar regions were selected automatically using
the approach proposed in [Silveira 06a]. As the camera progresses, the structure and the
trajectory are recovered as shown in the right image of Figure 3.14. More details on this
experiment, as well as comparisons with other visual SLAM approaches, can be found in
[Silveira 07c].

Initialization Localization and mapping

Figure 3.14: Direct visual SLAM with a calibrated pinhole camera. The image on the
left shows that at the initialization the structure is unknown. The image on the right
shows the structure and the localization (the trajectory of the camera with respect to the
initial frame) being incrementally reconstructed.

Figure 3.15 shows two visual SLAM experiments with a stereo-vision system mounted
on a car running on different streets in Versailles, France. More details on these experi-
ments can be found in [Comport 07].

The image on the left in Figure 3.15 is that of a relatively straight road. The distance
travelled by the car has been measured using road markings in the images and satellite
views with a precision of 2.9cm/pixel for the Versailles region. The path length measured
by both Google earth and our algorithm was about 440m. Even if this is a qualitative
result only, the path followed by the car corresponds well to the straight road. Throughout
the sequence several moving vehicles pass in front of the cameras and, at one stage, a car
is overtaken.

The image on the right in Figure 3.15, is particularly illustrative since a full loop of the
round-about was performed. In particular, this enables the drift to be measured at the
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crossing point in the trajectory. In the case of this round-about the drift at the crossing
point was approximately 20cm in the vertical direction to the road-plane. Considering
that the trajectory around the round-about is approximately 200m long (measured using
Google earth), this makes a drift of 0.01%.

Staright Line Roundabout

Figure 3.15: Accurate visual odometry with a calibrated stereo-vision system. The tra-
jectory shown in blue has been manually superimposed on satellite images. Typical stereo
images are shown at the top.
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Chapter 4

Vision-based robot control

Vision-based robot control (also called visual servoing) consists in using visual information
in feedback loops. Vision processing and control design have to be combined with their
respective specificities and requirements taken into account. This theme has motivated
a lot of research in the last 30 years. The reader may refer to numerous books, tutorials
and surveys that have been published on the subject, like [Hashimoto 93, Hutchinson 96,
Malis 02b, Chaumette 06, Chaumette 07]. The design of a vision-based robot control
scheme not only depends on the task but also depends on the characteristics of the robot
itself. Eye-to-hand systems have been considered in [Allen 93, Hager 95, Horaud 98].
Visual servoing for non-holonomic robot have studied in [Fang 05, Maya 06] while for
non-holonomic mobile manipulators in [Fruchard 06, De Luca 07a]. Visual Servoing of
under-actuated robots has been considered in [Mahony 01, Hamel 04]. This chapter focus
on positioning tasks with a monocular eye-in-hand holonomic system.

In this context, we proposed several contributions. A first contribution has been the
improvement of standard image-based control laws using the ESM scheme. We were also
able to analyze theoretically the robustness of the local stability of several image-based
control laws with respect to errors on structure parameters. A second contribution has
been the design of robust image-based control schemes that do not need an exact mea-
sure of the intrinsic parameters of the vision system and that do not need any “a priori”
knowledge of the structure of the observed scene. Again, particular emphasis has been
given to the theoretical analysis of the robustness of the control laws with respect to
errors on the uncertain parameters. Finally, I proposed two methods that go beyond the
standard visual servoing approaches: the invariant visual servoing to extend the image-
based approach and the controlled visual SLAM to extend the position-based approach.

The present chapter is organized as follows. First, standard image-based visual ser-
voing schemes are discussed. I will show how they can be improved by using the ESM
scheme and discuss the results of the stability analysis. Then, the research work on robust
image-based control schemes will be described. Finally, the two methods that go beyond
standard visual servoing approaches will be presented.
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4.1 Design of image-based control laws

As already mentioned in Chapter 1, teaching-by-showing approaches have been intro-
duced in order to avoid the explicit reconstruction of the pose of the vision system
[Weiss 87]. If we suppose that the imaging conditions do not change after acquisition
of the reference image h(η, 0) (e.g. the camera intrinsic parameters are constant, we ob-
serve a rigid object, the illumination do not change, ...) and that we have enough visual
information, then the robot is correctly positioned when the current visual information
coincide with the reference one. Let me rewrite here the state equations (1.43):

ε̇ = L(η,x)v

y = h(η,x)

where the vector ε = δ(h(η,x),h(η, 0)) is such that if (and only if) ε = 0 then x = 0.
The problem considered here is to design a stable control law v (i.e. the velocity of
the camera) in order to regulate ε to zero. For holonomic robots, the design of such
control law has several analogies with the numerical optimization methods presented
in Chapter 2. These analogies are briefly reviewed in Section 4.1.1 (a more detailed
discussion can be found in [Malis 04a]). The analogies between vision-based control laws
and numerical optimization are important to understand why the application of the ESM
scheme to vision based control leads to several improvements over standard control laws.
These improvements are discussed in Section 4.1.2.

4.1.1 Analogies between numerical optimization and control

In order to use the same notations of Chapter 2 let me write:

f(x) = δ(h(η,x),h(η, 0)) = ε

Such that f(0) = 0. The derivative of f(x) is:

ḟ(x) = L(η,x)v

Suppose that the matrix L(η,x) is full rank ∀x. Let me build the following Lyapunov
function:

c(x) =
1

2
f(x)⊤f(x)

which can also be viewed as a cost function. Our objective is to go from a starting point
x0 to the equilibrium point. The time derivative of the Lyapunov function is:

ċ(x) = f(x)⊤L(η,x)v

If a control law v exist such that ċ(x) < 0 then the system is asymptotically stable.
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4.1.1.1 Standard control laws

Several vision-based robot control method have been proposed. For example:
The Jacobian transpose control law (e.g. [Hashimoto 93]):

v = −λL(η,x)⊤ f(x)

where λ > 0 and
ċ(x) = −2 α f(x)⊤L(η,x)L(η,x)⊤ f(x) < 0

The Jacobian inverse control law (e.g. [Espiau 92]):

v = −L(η,x)−1f(x)

where
ċ(x) = −f(x)⊤f(x) < 0

The Damped Least-squares control law (e.g. [Wampler 86, Nakamura 86]):

v = −(L(η,x)⊤L(η,x) + γI)−1L(η,x)⊤f(x)

where γ ≥ 0 and

ċ(x) = −f(x)⊤L(η,x)(L(η,x)⊤L(η,x) + γI)−1L(η,x)⊤f(x) < 0

These control laws are all globally asymptotically stable.
Supposing that we can measure the matrix at the equilibrium point L(η, 0) the authors

of [Espiau 92] proposed the following control law:

v = −L(η, 0)−1f(x)

where
ċ(x) = −f(x)⊤L(η,x)L(η, 0)−1f(x) < 0

which is stable if L(η,x)L(η, 0)−1 > 0. This certainly happens in a neighborhood of the
equilibrium point.

4.1.1.2 Standard optimization methods

Each vision-based control method corresponds to a standard optimization method. The
Damped Least-squares control law corresponds to the Levemberg-Marquardt optimiza-
tion method, the Jacobian transpose control law corresponds to Steepest descent op-
timization method, the Jacobian inverse control law corresponds to the Gauss-Newton
method. Finally, the control law using the interaction matrix computed at the equilibrium
corresponds to the Efficient Gauss-Newton method presented in Chapter 2.

The main difference between control and optimization methods is that in optimization
methods the measure of the cost function at the new location is obtained from a virtual
model. When we control a robot, it physically moves to a new location to acquire a
new measure of the cost function. Thus, we do not necessarily need a model of the cost
function to compute its value at the new location. On the other hand, the behavior the
robot may be perturbed in order to obtain the information needed by the optimization
algorithm.
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4.1.2 The ESM for vision-based control

4.1.2.1 Improving image-based visual servoing schemes

Similarly to vision-based estimation methods, most of vision-based control approaches
are based on the extraction of visual features [Espiau 92, Cervera 03]. Let me consider,
for example, interest points as visual features. The standard approach consist to build
from the selected features a task function ε diffeomorphic to the camera pose. Then,
we can use the standard control laws described in the previous section to regulate the
task function to zero. This approach works generally very well if the starting pose of the
camera is not too far from the reference pose.

Otherwise, the behavior of the robot in the Cartesian space may be not satisfactory.
For example, it is now well known [Chaumette 98] that if the initial camera displacement
is a rotation around the ~z axis an undesirable motion is induced by using standard control
laws. For example, if we use the Gauss-Newton control law (the interaction matrix is
update at each iteration) the camera move backward while rotating. On the other hand,
if we use the Gauss-Newton control law (the interaction matrix is constant and computed
at the equilibrium) the camera move forward while rotating. The Figure 4.1 illustrates
these two problems. The images shows the the isolines of the cost function projected into
the subspace (~tz, ~rz). We repeated several simulations with an increasing initial rotation.
Since the initial movement is a pure rotation, the ideal path (in the Cartesian space)
should be a straight line perpendicular to the ~tz axis (i.e. tz = 0). On the contrary, we
observe that as rz reach ±π the translational motion becomes bigger since the isolines
become perpendicular to the ~tz axis (i.e. the steepest descent direction is along ~tz).

These problems can be solved by using the ESM scheme presented in Chapter 2. The
ESM control law is:

v = −
1

2
(L(η,x) + L(η, 0))−1 f(x)

The Figure 4.1 show that using this control law the camera perform a pure rotation around
the ~z axis. The benefits of using the ESM control law are not limited to the behavior in
this particular case and a more detailed discussion can be found in [Malis 04a]. Note that,
around the equilibrium point the three control laws have the same behavior. Indeed, if
x ≈ 0 then L(η,x) ≈ L(η, 0) ≈ 1

2
(L(η,x) + L(η, 0)). Thus, the stability and robustness

analysis presented in the next section applies to all of them.
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Figure 4.1: Comparison between standard control methods and the ESM.



75 Vision-based robot control Chapter 4

4.1.2.2 Stability and robustness analysis

In an image-based visual servoing approach, the task function can be computed directly
from image data (e.g. the features extracted in the image). On the other hand, the
interaction matrix L(η,x) that links the derivative of the task function to the velocity
of the camera depends on the camera intrinsic parameters and may also depend on some
information of the structure of the target (all these parameters are in the vector η). For
example, when the selected features are interest points the interaction matrix depends
on the depths (the Z coordinates) of the corresponding 3D points. A good estimation of
the interaction matrix is necessary in order to build a stable control law. It was observed
experimentally that a rough estimation of the parameters η̂ was sufficient for a stable
control:

v = −
1

2
(L(η̂,x) + L(η̂, 0))−1 f(x)

However, it is important to theoretically understand how big the estimation error ‖η̂−η‖
on the parameters can be while still having a stable control law. Due to the complexity of
the theoretical analysis very few results have been reported in the literature. Results have
been obtained only in few simple special cases [Espiau 93] [Cheah 98] [Deng 02], often
considering a simplified camera model and always supposing the 3D structure perfectly es-
timated. We have studied the robustness of standard image-based visual servoing control
laws with respect to uncertainties on the structure of the target [Malis 03a] [Malis 02a].
We proved theoretically that even small errors on the depths may lead to unstable control
laws [Malis 03b]. The proof has been extended to any central camera in [Mezouar 04].
We not only provided necessary and sufficient conditions for the local stability but also
sufficient conditions that can be more easily tested. Form these condition we can measure
the “size” of the possible errors on the depths.

Figure 4.2 illustrates the results of the theoretical analysis with the example of a
planar target. When the target is planar, the depths are related to the normal vector n
to the plane. Without loss of generality, let me suppose here that ||n| = 1. Then n can
be written as a function of two parameters n(θ, φ) = (cos(θ) sin(φ), sin(θ) sin(φ), cos(φ)).

Thus all the estimated depth Ẑi can be obtained using an approximation of n̂(θ̂, φ̂). The
figure shows the stability regions for a pinhole and for a catadioptric camera as a function
of (θ̂, φ̂) for 8 or 16 points on the same plane. The true normal is n = (0.5, 0, 0.866) (i.e.

the black cross at θ = 0 and φ = π/6). If we choose the estimated parameters (θ̂, φ̂)
in the green region the control law will be locally asymptotically stable. On the other
hand, if we choose the estimated parameters in the red region the system control law is
locally unstable. The normals obtained for parameters in the blue region are discarded
since we obtain at least a negative depth, which is impossible. Note that the cameras
have similar stability regions. Increasing the number of point on the target decrease the
unstable region but do not eliminate it completely. More complete results can be found
in [Malis 03b, Mezouar 04].
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Figure 4.2: Stability regions for planar targets with 8 or 16 points observed by a pinhole
or a catadioptric camera. Parameters (φ, θ) selected in the green regions lead to stable
control while parameters selected in the red regions lead to unstable control.

4.2 Design of robust visual servoing schemes

Despite the improvements in the design of image-based control laws, the theoretical anal-
ysis of the robustness shows that for the considered control laws we need an estimation
of the structure of the target. Therefore, it is important to investigate control methods
that do not need explicitly this estimation.

4.2.1 Increasing the robustness of image-based approaches

4.2.1.1 A new class of visual servoing schemes

In [Malis 02f] we proposed a new new class of visual servoing schemes that encompasses
several image-based visual servoing approaches such as [Malis 99, Basri 99]. The new
class of visual servoing schemes is based on the reconstruction of the pose (up to a scale
factor for the translation) of the camera from two images. The key idea of the new class



77 Vision-based robot control Chapter 4

is to estimate the rotation from two views. Therefore the rotation is directly controlled
and decoupled from the control of the translation. The translation can be controlled in
several different ways which make the difference between the possible methods within
the class. This class of methods has interesting properties. Since the rotation control is
decoupled from the translation control, it is possible to “easily” study the stability and
robustness of the control law with respect to errors on the intrinsic and extrinsic camera
parameters (the extrinsic parameters are the pose of the camera with respect to the robot
end-effector) [Malis 01a, Malis 02f]. Again, the analysis of the robustness of the control
law is very important since it allowed us to show that the “size”of the calibration error
that the control laws can tolerate is very large.

The new class of visual servoing schemes is based on the assumption that we can
estimate the rotation matrix directly from the current and reference images. In the more
general case (i.e. both for non-planar and planar objects), the rotation can be extracted
from the homography matrix (see Chapter 3). Theoretically, the homography matrix
can be estimated from any sufficient visual information (e.g. a set of points, of lines,
...). For example, we proposed in [Chesi 00] a complete vision-based control system with
respect to planar contours. In the system we integrated the visual matching [Chesi 99],
the visual tracking [Drummond 99] and the visual servoing [Malis 99]. However, this
integration work underlined two problems of our approach. First of all, the feature-based
estimation for the task function was specific to planar contours. A different system should
be build for different features. Secondly, it is impossible to compute the rotation from
the homography matrix using image data only (the current and reference image). Indeed,
there are two possible solution when we decomposed an homography matrix. This second
problem leaded us to propose a different vision-based control method that is detailed in
the next section.

The solution to the first problem has been to estimate the homography directly from
image data without any feature extraction [Malis 04d, Malis 05]. We use the ESM for
the direct image registration of a planar surface (see Section 3). This allowed us to
simplify the design of the visual servoing approach and to increase its flexibility since
the planar surface can contain any information. Figures 4.3 and 4.4 show a vision-based
car-platooning experiment that is performed in a real outdoor environment.

Figure 4.3 gives an overview of the system while Figure 4.4 illustrates more details
of the experiment. Two electric vehicles of type “Cycab” are used: one as a guider car
and the other as a follower car. A driver guides the first car while the follower car is
controlled by a position-based control scheme. The control scheme takes into account
that the vehicle is non-holonomic and tries to keep the distance between the two vehicles
constant and equal to the initial distance. The relative position is given by the ESM
visual tracking system. The pan-tilt turret is controlled in order to keep the guider car
in the field of view of the camera during the experiment.
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In the starting situation, when the guider car is in front of the follower car, a window
of (100×100) pixels is selected to be the reference pattern. In order to have a metric
reconstruction, the camera has been roughly calibrated and the distance between the
two cars is given to the control process. It is the distance between the camera of the
follower car and a poster stacked on the back windshield of the guider car. Tracking this
reference pattern provides the relative position between the two vehicles. The blue square
indicates the tracked region. In the right column, the reprojections of the tracked region
using the estimated homographies are shown. The first row of the figure corresponds to
the initial position. The ESM tracking algorithm performs well although the experiment
takes place outdoor and sun reflection on the tracked region occurs. The current pattern
reprojections are very close to the reference one. More details on the experiment can be
found in [Benhimane 05].

Low−level wheel steering control
Low level velocity control

CAN bus controller

Wheel steering control
Velocity control

Serial comm. RS232

Tracking Software
ESM Vision

Frame grabber

Pan−Tilt turretCCD Camera

Computer 2 − Pentium III 700 MHz Computer 1 − Pentium III 700 MHz

CAN bus comm. process

TCP/IP socket comm. process

Figure 4.3: Overview of the compete system.
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Figure 4.4: Several images of a platooning application. The first column shows the red
car automatically following the leader. The second column shows the area of interest in
the current image. The third column shows the registered images that prove that the
homography has been correctly estimated.
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4.2.1.2 Direct visual servoing

As already mentioned, our objectives have been to find a task function that is diffeomor-
phic to the pose of the camera and to find a stable control law can be easily computed just
from visual data extracted from the current and the reference images (independently from
the shape of the object). If the target is not planar these objectives can be fulfilled by
the visual servoing schemes presented in the previous section. On the other hand, when
the target is planar image data from reference and current image only is not sufficient
to compute the control law. In this case, the two images of the target are related by a
homography matrix. The decomposition of the homography generally has two solutions
and we need an additional information to distinguish the true solution from the false one.

Therefore, we studied how the two solutions of the decomposition are related (see
Chapter 3). In [Vargas 05] we proved that the two solution of the homography can be
“mixed” in the computation of a stable control law. For example, we defined a task
function containing the average of the two translations and of the two rotations (on the
SO(3) group). Alternatively we can compute the average of the two rotations and control
the remaining d.o.f.s like for the 2.5D visual servoing [Malis 07b]. With such approach we
can completely avoid the use of an “a priori” information to choose the true solution of the
homography decomposition. However, contrarily to the 2.5D visual servoing scheme the
stability analysis become extremely difficult since the rotation control is not decoupled
from the translation control any more.

In [Benhimane 06a] that we proposed a task function that is locally diffeomorphic
to the camera pose and that can be directly computed from the homography matrix.
Therefore, we completely avoid the decomposition process. We also proposed a simple
control law and we prove theoretically its local stability. Even if experimentally we
observed that the stability region is very large (see the experiments below). In order to
build a globally stable control scheme we should plan a trajectory and work with small
errors. This was not possible with the task function proposed in [Benhimane 06a] since
it was only locally diffeomorphic to the camera pose. Another limitation of the approach
was that it was designed for planar targets only.

Recently, we generalized the approach to non-planar targets and we modified the task
function for allowing path planning [Silveira 07a]. We also proposed a simple control law
and we prove theoretically its local stability. The general task function that we proposed
is the following:

ε =

[
(H − I)q + ρ t

ϑ(H)µ(H)

]
(4.1)

where H is a homography matrix related to a virtual plane, t is the translation, q is a
chosen control point in the reference image that corresponds to a point on the target, and ρ
is a scalar that encode the parallax of this point with respect to the virtual plane. Finally,
[µ(H)]

×
= H−H⊤ and ϑ(H) is detailed in [Silveira 07a]. Note that the task function can

be computed from image data only (i.e. we do not measure t and ρ separately but the
vector ρ t, which is measured from the epipolar geometry). This task function generalizes
the one proposed in [Benhimane 06a] for planar targets. Indeed, for planar targets the
parallax is zero ρ = 0 and if we set ϑ(H) = 1 we obtain the same task function proposed



81 Vision-based robot control Chapter 4

in [Benhimane 06a]. The modification that allow us to perform trajectory planning is on
the scale factor ϑ(H) (see [Silveira 07a]).

The experimental validation of the direct visual servoing approach is in progress. I
will describe here two experiments for the planar case [Benhimane 06a] and two promising
simulations for the general case [Silveira 07a].

We have tested the control scheme proposed in [Benhimane 06a] on the Cartesian
robot of the LAGADIC research team at INRIA Rennes. The robot is accurately cali-
brated and it provides a ground truth for measuring the accuracy of the positioning task.
A calibrated camera is mounted on the end-effector of the robot and observes a planar
target. Starting from another pose (the initial pose) that makes it possible to see the
object from a different view point, the robot is controlled using the control law in order
to get back to reference pose. At the initial pose the translation displacement is 0.68
meters and the rotation displacement is 96 degrees. We use the ESM visual tracking al-
gorithm [Benhimane 04] to register the area of interest and to estimate at the same time
an uncalibrated homography matrix G. We use as control point the center of gravity of
the template.

In the first experiment, illustrated in Figure 4.5, we used the true camera intrinsic
parameters matrix K to obtain a calibrated homography H = K−1GK from which the
control law is computed. The control law is stable and both translation and rotation
velocities converge to zero. At the convergence, the robot is back to its reference pose
and the visual information coincide with the visual information of the reference pose. As
shown in Figure 4.5, the camera displacement converge to zero very accurately (less than
1 mm error for the translation and less that 0.1 degrees for the rotation).

Figure 4.6 illustrates a second experiment that is performed under similar conditions
(the same initial camera displacement, an unknown normal vector to the plane, an un-
known camera/object distance...). On the other hand, we use a very bad estimation

of the camera intrinsic parameters to estimate the homography matrix Ĥ = K̂−1GK̂.
However, the control law is robust to camera calibration errors: the translation and the
rotation velocities converge to zero. At the convergence, the visual information coincide
again with the visual information of the reference image and the camera displacement
converges to zero (as in the previous experiment we obtain around 1 mm error for the
translation and around 0.1 degrees for the rotation).

We have performed two simulations to validate the general control scheme proposed
in [Silveira 07a]. We used the image registration algorithm proposed in [Malis 07a] to
measure an uncalibrated homography G and the vector ρ e from which we obtained
Ĥ = K̂−1 GK̂ and ρ t̂ = ρ K̂−1e.

The first simulation in Figure 4.7 shows that the new control scheme encompass the
previous one specifically designed for planar targets. Additional simulations can be found
in [Silveira 07a] that show how path planning can handle larger initial displacements that
the previous approach.

The second simulation in Figure 4.8 shows that the general control scheme works
well with non-planar targets and for very large displacement. We planned a straight line
trajectory in the image for the control point in order to keep the target in the field of view
of the camera. In this simulation we also added errors in the estimated camera intrinsic
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parameters in order to demonstrate the robustness of the control law.
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Figure 4.5: Direct visual servoing with respect to a planar target. A calibrated pinhole
camera is mounted on a calibrated Cartesian robot.
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Figure 4.6: Direct visual servoing with respect to a planar target. A uncalibrated pinhole
camera is mounted on a calibrated Cartesian robot.
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Figure 4.7: Direct visual servoing with respect to a planar target using the generic control
law.
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Figure 4.8: Direct visual servoing with respect to non-planar target using an uncalibrated
pinhole camera
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4.2.2 Beyond standard vision-based control approaches

Standard vision-based control approaches have been widely studied and several successful
applications have been performed. One may wonder if it is possible to go beyond the
assumption behind these standard approaches. That is, can we achieve a task with an
image-based approach despite the fact that the imaging conditions have changed? How
can we can we achieve a task using a monocular vision system with a position-based
approach despite the fact that a metric model of the scene is unknown? The following
section describe two possible answers to these questions.

4.2.2.1 Visual servoing invariant to camera intrinsic parameters

The main assumption of the teaching-by-showing approach is that a reference image has
been acquired and that the imaging conditions do not change. I proposed in [Malis 04b]
to eliminate this assumption in order to enlarge the domain of application of the teaching-
by-showing approach. More precisely, I showed that for pinhole cameras it is possible to
define an error from image data that does not depend on camera intrinsic parameters.
The error only depends on the pose of the camera with respect to the target. The
invariant error can be defined for several types of visual features like points, lines, contours
[Malis 01c, Malis 02e].

Consider for example that the camera observes n > 3 non-colinear points. The image
homogeneous coordinates p

ij
depend on the camera internal parameters Ki and on the

homogeneous normalized coordinates q
ij
:

p
ij

= Ki qij
(4.2)

We can define two positive symmetric matrices Sq and Sp as follows:

Sq =
1

n

n∑

j=1

q
ij
q⊤

ij
= MqM

⊤

q and Sp =
1

n

n∑

j=1

p
ij
p⊤

ij
= Mp M⊤

p

where Mq and Mp are upper triangular matrices obtained applying the Cholesky decom-
position to Sq and Sp respectively. The two matrices are related by:

Mp = KiMq (4.3)

Thus, it is possible to compute the invariant vectors iij with the following transformation:

iij = M−1
p p

ij
(4.4)

Note that the vectors iij are computed only from the image coordinates. Using equa-
tions (4.3) and (4.2), we can prove that the vectors iij only depends on the normalized
coordinates q

ij
:

iij = M−1
p p

ij
= M−1

q K−1
i Ki qij

= M−1
q q

ij
(4.5)

As a consequence, the vectors iij are independent on the camera intrinsic parameters Ki.
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The transformation of the image points in the invariant space can be performed
both for the reference image and the current image. In order to regulate the error to
zero, I proposed a vision-based control technique based on the task function approach
[Malis 01b, Malis 04b]. Another interesting property of the visual servoing invariant to
camera intrinsic parameters is that is possible to define trajectories in the invariant space
such that the camera trajectory is a straight line in the Cartesian space [Malis 02d].

Figure 4.9 shows an example of invariant visual servoing performed with the calibrated
Cartesian robot of the Lagadic research team at INRIA Rennes. The reference image is
acquired with a 12 mm lens while a 6mm lens is used for servoing. The images in last row
of the figure show that the errors on the translation and the rotation of the end-effector
converge to zero. If we look to the trajectory of the points in the image we can note
that the final image (the green points) is obviously different from the reference image
(the yellow points). On the other hand, the error on the coordinates of the points in the
invariant space converge to zero.

Visual servoing with zooming cameras

An evident extension of the invariant visual servoing approach has been to show that the
camera intrinsic parameters may vary during the servoing [Malis 02e]. Moreover, it is
possible to define a method [Malis 02c] that unifies model-based approaches and image-
based approaches. Since the error does not depend on the camera intrinsic parameters,
a zooming camera can be used in order to keep the target in the camera field of view
(zoom out) or to obtain a better resolution (zoom in) [Benhimane 03]. In this case it is
possible to have two separate control laws for positioning the camera and for zooming.
This approach allows to enlarge the domain of applicability of visual servoing.

Indeed, the possibility to zoom out on the target can reduce visibility problems. How-
ever, when we zoom in to increase the resolution some feature may disappear and other
features may become visible. The appearance/disappearance of the visual information
during the servoing produces discontinuities in the control law that perturbs the perfor-
mances of the system. Indeed, when one or several features appear or disappear during
the servoing they are added or deleted from the task function. The amplitude of the
discontinuity depends on: i) the number of visual features, ii) the error in the image, iii)
the conditioning of the interaction matrix. In [Garcia-Aracil 05a], we proposed a solution
to avoid the discontinuities by giving a weight to each feature. We applied this approach
to the invariant visual servoing [Garcia 04a], [Garcia-Aracil 05b], [Garcia 04b], but the
approach extends also to standard image-based approaches.

3D Reconstruction with invariant active stereo-vision

The invariant visual servoing scheme has been used to develop an active vision method in
order to improve the 3D reconstruction of natural 3D objects in sea. We use a stereo pair
mounted on a robot manipulator that lies on the ground. We constrain the displacements
of the stereo pair by repeating the invariant visual servoing (the two cameras do not
have the same intrinsic parameters) of the left camera on the right one several times
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[Brandou 06]. Thus, the geometry of the stereo pair define the trajectory followed by
the cameras. This simplify the reconstruction process (constraint trajectory, reduction of
the unknowns [Brandou 07]. We have also shown that the reconstruction process can be
done in the invariant space reducing the number of unknowns of the bundle adjustment
problem [Malis 04c].
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Figure 4.9: Intrinsics-free visual servoing using a 12mm lens for learning the reference
image and a 6mm lens during the servoing.
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4.2.2.2 Controlled visual simultaneous localization and mapping

In the standard “position-based” visual servoing approaches the reference pose with re-
spect to a know target is directly given by the user [Wilson 96, Martinet 97]. Therefore,
we need the model of the scene to compute the pose. We have extended this concept to vi-
sual servoing tasks when the model of the scene is not (completely) known [Silveira 06b].
Like standard “position-based” visual servoing approaches, the robot is directly con-
trolled in the Cartesian space with a standard control law. However, the idea behind
our approach is to perform a controlled visual SLAM. Indeed, the reference pose may be
located very far away from the initial pose such that the same part of the scene may not
always be maintained in the camera field of view as illustrated in the Figure 4.10. Thus,
newly observed parts of the rigid scene must be integrated in the scheme. The proposed
approach is adapted to robot navigation in large environments.

����
����
����

����
����
����
��
��
��

��
��
��

���
���
���

���
���
���

��
��
��
��
��

��
��
��
��
��

�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������

����
����
����
����
����

����
����
����
����
����

��
��
��
��
��

��
��
��
��
��

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����
�����

1Tk

0T1

Ik

I1

I0

Figure 4.10: Controlled visual simultaneous localization and mapping.

The applicability of such approach depend on the accuracy of the visual SLAM estima-
tion. Since the task is uniquely defined in term of a pose to be reached, small calibration
and measurement errors may produce gross errors after long distances. The challenge
is thus to obtain very precise estimations of structure and motion. We use our direct
visual SLAM approach described in Section 3 to simultaneously estimate the structure
and camera localization [Silveira 07c]. In order to speed-up the on-line estimation we
can suppose the scene piecewise planar and we can detect the part of the scene that
best fit our model. When new part of the scene appears in the image the new planar
regions are automatically detected [Silveira 06a]. To date, the experimental validation
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of the approach is in progress. However, promising simulation results can be found in
[Silveira 06b].



Conclusion and future research

When dealing with real-time robotic applications, it is important to take into account
very early at the design level the respective specificities and requirements of vision-based
estimation and vision-based control problems. Doing this, not only we have improved
the performances during the execution of a task but also we have proposed methods and
algorithms that perform better than approaches that consider vision-based estimation
and vision-based control problems separately.

One important contribution has been to propose the Efficient Second-order approxi-
mation Method (ESM) for solving non-linear systems of equations defined on Lie Groups
when an additional information on the derivatives at the solution can be measured. In-
deed, the ESM has been successfully applied both to vision-based estimation and to
vision-based control. The theoretical results predicts a higher convergence rate and a
larger convergence domain with respect to standard numerical methods. These theoreti-
cal results have been confirmed by several experiments.

Another contribution has been the design of direct methods for image registration.
This has permitted the accurate and robust estimation of structure and/or motion in
large scale environments, despite occlusions and large changes in the illumination con-
ditions. The proposed approach is generic, it can be used with any central catadioptric
camera and it naturally extends to stereo-vision systems. The effective application of
the ESM to our approach suppose that the Jacobians can be measured from image data
only. We have shown when and how this can be possible using Lie groups theory. We
have also experimentally shown that the ESM has very good performances even when
the Jacobians are only approximated.

Various contributions have been given to the design of vision-based control schemes.
We showed that standard image-based visual servoing schemes can be improved by using
the ESM to design the control law. Theoretical stability and robustness analysis have
allowed to find bounds on the “size” of the possible calibration errors. Then, several
contributions have been given for the design of robust vision-based control schemes that
do not need an exact measure of the parameters of the vision system and that do not
need any “a priori” knowledge of the structure of the observed scene. Again, a particu-
lar emphasis has been given to the theoretical analysis of the robustness of the control
laws with respect to errors on the parameters. Finally, we have proposed methods that
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go beyond the teaching by showing approach. We have shown how to define an error
function for pinhole cameras that is invariant to camera intrinsic parameters. This allow
us to define new tasks using zooming cameras. Another new promising approach is to
integrate vision-based control into simultaneous localization and mapping approaches.

Future Research

In my future research work, I intend to develop a low level vision framework as generic
as possible and well adapted to robotic applications. This framework must be able to
address a large number of situations frequently met : different sort of cameras (central
or not), large illumination changes, rigid/deformable objects, static/dynamic scenes, etc.
The low level vision framework should also be generic enough to be coupled with other
interoceptive and/or exteroceptive sensor information in order to obtain a reliable and
robust localization for robotic applications. I believe that one way to achieve these ob-
jectives is to further study and develop direct methods. Within this framework, three
main problems must be addressed.

The first problem is to find simple, accurate, yet general models of the plenoptic
function. In particular, we need general photometric models, general camera models and
general structure models. General photometric models should be able to take into account
not only illumination changes but also colorimetric information. General camera models
should be able to take into account non-central projection cameras. General structure
models should be able to take into account not only complex rigid environments but also
unknown deformable environments. These models should be realistic, but not be overly
complex in order to comply with computational real-time requirements of robotic applica-
tions. Finding the right compromise is a delicate and difficult issue. Indeed, the qualities
of a model depend on the problem for which it is used (simulation, estimation, control),
and that a solid methodology which could guide the choices in this respect does not exist.

The second problem is the efficient estimation of the parameters associated with the
models. The optimization techniques efficient enough for real-time robotic tasks have
only local convergence. Thus, a fairly accurate initialization is needed (i.e. an estimate
of the true unknown parameters). We can study how to efficiently initialize the local
optimization schemes using fast data association algorithms or relying on external infor-
mation (complementary sensor modalities). However, a more general and elegant solution
would be the study of efficient global optimization methods. For example, I am currently
investigating if and how the use of Interval Analysis as a global optimization tool can
be compatible with real-time constraints. With respect to others global optimization
techniques, the main advantage of Interval Analysis is that the solutions of the problem
can be certified.

The third problem is the use of complementary sensor modalities and fusion tech-
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niques. This allows to simplify and robustify the localization and mapping tasks when
dealing with large scale environments. For example, a typical multi-sensor system is
composed of one or more vision sensors and/or a range sensor (laser or radar) with the
complement of an absolute positioning sensor (e.g. an inertial navigation system or a
global navigation system). To cope with multi-sensor data, I intend to rely on the direct
approach for each sensor, and to study appropriate filtering techniques in order to take
into account the uncertainty of each sensor.

Another objective of my future research work will be to further investigate the direct
vision-based robot control approach. The design of standard vision-based control schemes
rely on several assumptions: on the geometric and photometric properties of the environ-
ment, on the characteristics of the imaging device and on the characteristic of the robot.
My objective is to increase the precision and the robustness of direct vision-based control
algorithms despite modeling errors induced by these assumptions. On the one hand, I
will investigate the design of control algorithms that are robust with respect to noise and
modeling errors and analyze the associated robustness properties. On the other hand,
I will study the connections between the design of robust control laws and the system
modeling, with the objective to investigate if and how the assumptions on the geomet-
ric and photometric properties of the environment, on the characteristics of the imaging
device and of the robot can be relaxed. A key point will be to handle the compromise
between the complexity of the models, the real time aspects and the robustness of the
control algorithms.

Concerning the assumptions on the vision system there are three assumption that we
should relax. The first assumption to be relaxed should be the use of central cameras.
Indeed, non-central cameras can be useful in many applications since some of them have
constant resolution. To my knowledge, the use of non-central cameras for direct vision-
based control has not been investigated yet. A second assumption to be relaxed should be
the rigidity of the environment. Thus, I will investigate whether control methods which
do not involve an explicit metric reconstruction of a model of the environment and have
been proposed for rigid objects, can be applied to deformable ones. The key problem is
the characterization of a diffeomorphism between the sensory information and the pose of
the robot. The third assumption is that the environment is Lambertian. This assumption
is obviously not verified in practice and the estimation of the position of the light sources
in the environment can be used to increase the accuracy and robustness. Note that this
information can also be taken into account in the design of the control law in order to
avoid the presence of specular reflection or shadows in the image.

Concerning the assumption on the characteristic of the robot, I have considered so
far vision-based control applied to holonomic mechanisms. The control of these systems
is much simpler by the fact that instantaneous motion along any direction of the config-
uration space is possible. A consequence of this is that generic vision-based control laws
can be designed independently of the mechanism specificity. However, this is not true in
the case of critical systems like most ground, marine or aerial robots. I have proposed
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control schemes for holonomic robots whose performance does not depend on parame-
ters that cannot be easily estimated on-line (e.g. camera intrinsic parameters, pose and
3D parameters of the target). Such control laws are structurally robust with respect to
estimation errors on the parameters. I plan to study whether these techniques can be
generalized to critical nonlinear systems.
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