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Continuous Visual Servoing Despite the Changes
of Visibility in Image Features
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Abstract—In the recent past, the visibility problem in vision-based con-
trol has been widely investigated. The proposed solutions generally have a
common goal: to always keep the object in the camera’s field of view during
the visual servoing. Contrary to this solution, we propose a new approach
based on the concept of allowing the changes of visibility in image features
during the control task. To this aim, the camera invariant visual-servoing
approach has been redefined in order to take into account the changes of
visibility in image features. A new smooth task function using weighted fea-
tures is presented, and a continuous control law is obtained starting from
it by imposing its exponential decrease to zero. Furthermore, the local sta-
bility analysis of the invariant visual-servoing approach with weighted fea-
tures is presented. Finally, this promising way of dealing with the visibility
issue has been successfully tested with an eye-in-hand robotic system.

Index Terms—Control, invariant visual servoing, robot vision systems,
stability analysis.

I. INTRODUCTION

Visual servoing techniques have been widely investigated in the last
three decades [1], [3]. The visibility problem has received particular
attention in the recent past: a minimum number of image features must
remain in the camera field of view (FOV) during the servoing. Research
in this field has been concentrated on visual-servoing methods that are
able to always keep the object in the FOV [4], [5]. The most extended
solution is based on using potential fields to assure the visibility of all
features during the control task [6], [7]. Another recent solution to this
issue is related to the new intrinsic-free visual-servoing approach [8].
With this approach, it is possible to zoom in order to keep all features
in the FOV during the control task [9]. Contrary to these solutions, we
proposed in [10] the concept of allowing temporary disappearance of
image features during the vision-based control task (Fig. 1). The key
idea of this approach consists of allowing some features to appear in
or disappear from the image (e.g., features 1 and 4 go out of the image
plane in sample TK , and then in sample TK+N , due to the movements
of the camera, they go back to the image plane) (Fig. 1). To explain
the effects produced in the control law by the appearance/disappear-
ance of image features, let us consider a standard vision-based posi-
tioning task. The goal is to drive the robot end-effector back to a ref-
erence pose (������) with an eye-in-hand camera. This means that a fea-
ture vector s(���), which contains the information of the current image,
has to converge to a reference feature vector s���(������). We use the task
function approach [11], which consists of minimizing an error vector
e = L

+(s � s
�), where L+ is the pseudoinverse of the estimated in-

teraction matrix, s(���) = (s1; s2; . . . ; sn), s���(������) = (s�1; s
�

2; . . . ; s
�

n)
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are the current and reference features, and ���, ������ are two 6� 1 vectors
containing, respectively, the current and reference pose of the camera
in the Cartesian space. A local exponential decrease of the task func-
tion can be imposed by choosing a proportional control law v = �� e,
where v is the velocity of the camera, and � is a positive scalar factor
which tunes the speed of convergence.

When one or more features appear or disappear during the servoing,
the features will be added to, or removed from, the task function
(Fig. 2). Theses changes produce a discontinuity in the control law.
The magnitude of the discontinuity depends on the number of features
that go in or out of the image plane at the same time, the distance
between the current and reference features, and the pseudoinverse of
the interaction matrix. The problem now is how to design a continuous
control law when the visible features in the image change. To do this,
the concept of weighted features is introduced and a smooth task func-
tion based on them is defined. With this task function, and defining
appropriate weight functions, it is possible to control the camera
directly with the standard image-based visual-servoing technique,
but not with the invariant one. To be able to use all the interesting
characteristics of the invariant visual-servoing approach [8], it must be
reformulated to take into account the weighted features [10], [12].

Moreover, its local stability has been analyzed in a neighborhood
of the equilibrium point. Finally, some experimental results with an
industrial robot are shown.

II. A SOLUTION TO PRESERVE THE

CONTINUITY OF THE CONTROL LAW

In this section, a solution to preserve the continuity of the control
law despite the changes of visibility in image features is presented.

A. Weighted Features

One possible solution to preserve the continuity of the control law
is to weight the features depending on their position in the image. The
weights are used in order to anticipate, in some way, the possible dis-
continuities produced in the control law by the appearance/disappear-
ance of image features. The key idea in this formulation is that every
feature (points, lines, moments, etc.) has its own weight, which may be
a function of image coordinates (u; v) and/or a function of the distance
between feature points and an object which would be able to occlude
them, etc. In this paper, the weights are computed by a function that de-
pends on the position of image feature (u; v). Representing the weight
as y , the function that has been used and tested to compute the mag-
nitude of the weights is

y(x)

=
e�(x�x ) =(x�x ) (x �x) ; xmin<x<xmax

0; x=fxmin; xmaxg:
(1)

The weight function y(x) is a bell-shaped function which is symmet-
rical with respect to xmed = (xmin+xmax)=2. With n, m parameters,
the shape of the bell function can be controlled. Their values must be
chosen according to the following conditions: y(xmin + �(xmax �
xmin)) � 1 � � and y(xmin + 0:5 � �(xmax � xmin)) � �, where
0 < � < 0:5 and 0 < � < 0:5. If the previous conditions are ver-
ified, then the following conditions must be verified, too: y(xmax �
�(xmax�xmin)) � 1�� and y(xmax�0:5 ��(xmax�xmin)) � �,
where 0 < � < 0:5 and 0 < � < 0:5.

The weight function (1) has four parameters (xmin, xmax, n, and
m) which affect the performance of the visual-servoing system with
weighted features. With them, the image plane can be virtually divided
in two zones [Zone 1 and Zone 2, Fig. 3(b)] and the shape of y(x) can
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Fig. 1. Temporary-disappearance concept in vision-based control task.

Fig. 2. What happens when an image feature appears or disappears in the
image plane. (a) Disappearance of an image feature. (b) Appearance of a new
image feature.

Fig. 3. Parameterization of Zones 1 and 2. (a) Different widths of Zone 1.
(b) Zone 1 and Zone 2.

be controlled. Zone 2 is the part of the image where the weights are
equal to zero due to the definition of y(x). The width of Zone 2 can be
sized by the parameters xmin and xmax. In Fig. 3(a), the representation
of y(x) for different values of xmin and xmax is shown (n = m =
1). The shape of function y(x) can be controlled by the n and m

parameters. When n and m are increased, the shape of y(x) is more
abrupt.

It has been empirically proven that the number and magnitude of
the oscillations in the control law are directly related to the width of
Zone 2 and the magnitude of the n and m parameters. The number
and amplitude of them enlarge with the growing width of Zone 2 and
the value of the n and m parameters. According to this statement, the

more suitable values for these parameters to achieve a smooth control
law are xmin = 0, xmax equal to the image resolution minus xmin,
n = m = 1.

Finally, a total weight that will be denoted iuv is computed by mul-
tiplying the weight of its u coordinate (iu) by the weight of its v co-
ordinate (iv ). Note that the magnitude of iuv tends to zero near the
border and to one near the centre of the image.

B. Smooth Task Function

Suppose that n matched points are available in the current and ref-
erence images. Every point has a weight iuv which is used to build the
following task function [11]: e = CW (s � s�(t)), where W is a
2n� 2n diagonal matrix, where its elements are the weights iuv . The
derivative of the task function, considering C constant, is

_e = CW (_s� _s�) +C _W (s� s�): (2)

Substituting _s = L v in (2), we obtain

_e = CW Lv �CW _s� +C _W (s� s�) (3)

where the 2n� 6 matrix LLL is the interaction matrix. A simple control
law can be obtained by imposing the exponential convergence of the
task function to zero: _e = ��e, where � is a positive scalar factor
which tunes the speed of convergence. The control law is

v = ��(CWL)�1
e+ (CWL)�1

CW _s��
�

+

+(CWL)�1
C _W (s� s��

�

): (4)

Let us suppose that these weights iuv are varying slowly, then _W can
be considered nearly equal to zero ( _W � 0). Considering this assump-
tion, the (4) can be rewritten as

v = ��(CWL)�1
e+ (CWL)�1

CW _s�: (5)

Setting C = (W�L�)+ (i.e., the matrices computed with the refer-
ences values), if (CWL) > 0, then the task function converges to
zero and, in the absence of local minima and singularities, so does the
error s�s�. Finally, substitutingC by (W�L�)+ in (5), we obtain the
expression of the camera velocity that is sent to the robot controller.

III. APPLICATION TO INVARIANT VISUAL SERVOING

The theoretical background about invariant visual servoing can be
found in [13]–[15]. In this section, we modify the approach in order to
take into account the weighted features. Suppose that n image points
are available. The weights i used in the weighted invariant visual ser-
voing are obtained as follows:

iii =
n

n

i=1

(iuv)
2(iuv)
2(iuv)
2

� iuviuviuv : (6)

The weights iuv defined in the previous section are redistributed in
order to have 2

i
= n. Every image point with projective coordi-

nates pi = (ui; vi; 1) is multiplied by its own weight i in order to
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Fig. 4. Block diagram of the invariant visual servoing with weighted features.

obtain a weighted point pi = ipi. Using all the weighted points, we
can compute the following symmetric 3� 3 matrix:

S

p =

1

n

n

i=1

p


i p


i

>
: (7)

The image points depend on the upper triangular matrix K containing
the camera intrinsic parameters and on the normalized image coordi-
natesmi: pi = Kmi. Thus, we havepi = K(imi) = Km


i and

the matrix Sp can be written as follows: Sp = KSmK
>, where Sm

is a symmetric matrix which does not directly depend on the camera
parameters

S

m =

1

n

n

i=1

m

i m


i

>
: (8)

If the points are not collinear and n > 3, then Sp and Sm are positive
definite matrices, and they can be written, using a Cholesky decompo-
sition, as Sp = T

p T
p
> and Sm = T

m T
m
>. These transforma-

tion matrices can be related by TTT 
p = KKKTTT 

m .
So the matrices T

p and T
m define a projective transformation

and can be used to define the same point in a new projective space
Q

qi = T

p
�1
pi = T


m
�1
K
�1
pi = T


m
�1
mi: (9)

The new projective space Q does not depend directly on camera
intrinsic parameters, but depends only on the weights i and on
the normalized points. The normalized points mi depends on a
6 � 1 vector ��� containing global coordinates of an open subset
S � 3 � SO(3) (i.e., represents the position of the camera in
the Cartesian space). Suppose that a reference image of the scene,
corresponding to the reference pose ����, has been stored and computed
the reference points p�i in a previous learning step. The camera
parameters K� are eventually different from the current camera
parameters. We use the same weights i to compute the weighted
reference p�i = ip

�

i . Similar to the current image, we can define
a reference projective space

q
�

i = T


p

�1
p
�

i == T
�
m

�1
K
��1

p
�

i = T


m

�1
m
�

i : (10)

Note that since the weights in (9) and (10) are the same, if ��� = ����,
then qi = q�i 8 i 2 f1; . . . ; ng, and the convergence is true even if
the intrinsic parameters change during the servoing. Thus, similar
to the standard invariant visual servoing, the control of the camera

is achieved by stacking all the reference points of space Q in
a 3n � 1 vector s�(����) = (q�1(t);q

�

2(t); . . . ;q
�

n(t)). In the same
way, the points measured in the current camera frame are stacked
in the3n�1vectorsss(���) = (qqq1(t); qqq2(t); . . . ; qqqn(t)). Ifsss(���) = sss�(����),
then ��� = ����, and the camera is back to the reference pose.

In order to control the movement of the camera, we use the control
law (5), where W depends on the weights previously defined, and L
is the interaction matrix recomputed for the invariant visual servoing
with weighted features. The interaction matrix depends on current nor-
malized points mmmi(���) 2 M (mmmi can be computed from image points
mmmi = KKK�1 pppi), on the invariant points qqqi(���) 2 Q , on the current
depth distribution zzz(���) = (Z1; Z2; . . . ; Zn), and on the current redis-
tributed weights i. The interaction matrix in the weighted invariant
space is obtained as in [14], but it must be recomputed in order to take
into account the redistributed weights i. A block diagram of the in-
variant visual servoing with weighted features is shown in Fig. 4.

A. Stability Analysis

In this section, the local stability of the control law is demonstrated.
The local stability is valid only in a neighborhood of the equilibrium
point. However, when the initial error is large, it is possible to sample
the trajectory and consider only small errors at each iteration of the
control law [14]. Considering the 6 � 1 task function mentioned be-
fore, eee = (W LW LW L)+WWW (sss � s�s�s�(t)), where s�(����; t) = (q�1; . . . ;q

�

n),
sss(���; t) = (qqq1; . . . ; qqqn), (WL)+ is the pseudoinverse of an approxi-
mation L of the true 2n � 6 interaction matrix, and W is a 2n � 2n
diagonal matrix whose elements are the weights i. We consider the
most general case when L and W depends on s. In that case, the time
derivate of the task function is

_e =
d(WL)+W

dt
(s� s�) + (WL)+W _s� (WL)+W _s�: (11)

Using the equation _s = Lv, and since the vector (d ((WL)+W)=

dt)(s� s�) can be written as (d ((WL)+W)=dt)(s� s�) = O(s�
s�)v (whereO(s�s�) is a 6�6 matrix such thatO(s�s�)js=s (t) =
0), we obtain

_e = (O(s� s�) + (WL)+ WL)v � (WL)+W _s�: (12)

Plugging the equation v = ��e + (WL)+W _s� in (12), the fol-
lowing closed-loop equation is obtained:

_e = ��[O(s� s�) + (WL)+ WL]e+

+[(O(s� s�) + (WL)+ WL� I ](WL)+ W _s�: (13)
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Fig. 5. Experimental setup.

Applying the nonlinear control theory to the system (13), we can say
that it is locally asymptotically stable in a neighborhood of s = s�(t)
(remember that O(s � s�)j

s=s (t) = 0) if and only if the linearized
system is stable

_e = ��Qe+ b(t) (14)

where Q = (WL)+WLjs=s and b(t) = [(WL)+WL �
I](WL)+W _s�

Proposition 1: In a neighborhood of s = s�(t), b(t) tends to zero
when s � s�(t) ! 0

Proof: b(t) depends on _s� = @q�(t)=@t � (q�(tk+1) �
q�(tk))=�t. With i, p�i and pi

�

= i � p
�

i , we can compute

qi(tk) = (T
 (t )
p )

�1
p�i and qi(tk+1) = (T

 (t +1)
p )

�1
p�i .

With them, we can calculate q�i (tk+1) � q�i (tk) =

[(T
 (t +1)
p )

�1
� (T

 (t )
p )

�1
]p�i which only depends on the T

p .

So if (T (t +1)
p )

�1
� (T

 (t )
p )

�1
, then q�i (tk+1)�q

�

i (tk) is equal
to zero, and consequently, b(t) = 0.

Let us remember that T

p computed for the same p� reference
features only depends on the variation of i(t). In a neighborhood
of s = s�(t) (when s ! s�(t)), i is nearly constant between
two sample times because of its definition. So we have shown that
(T

 (t +1)
p )

�1
� (T

 (t )
p )

�1
, then b(t)! 0 when s! s�(t).

The linear system (14) is asymptotically stable if and only if Q has
eigenvalues with positive real part and b(t) is bounded and tends to
zero when s�s�(t)! 0: real (eig(Q)) = real(eig((WL)+WL)) >
0.

The matrix Q depends on two sets of unknown estimated parame-
ters:Q = Q(KKK;zzz). Obviously, ifKKK = K and z = zzz, thenQ = I and
(14) can be rewritten as _e = ��e, and the system is stable.

If Q is full rank, then e = 0 is the only equilibrium point of the
system (i.e., if kek decreases, then it decreases toward e = 0). It is

well known from control theory that if Q > 0, then the norm of the
task function kek decreases to zero, andb(t)! 0, too, as it was proven
in Proposition 1.

As already mentioned, the local asymptotic stability of the
system can be proved considering the system linearized around
e = 0 and b(t) � 0 (i.e., ��� = ���� and i is nearly con-
stant): _e = ��Q(���)je=0 e = ��Q(����)e, where Q(����) =
(WL(����))+WL(����). The system is locally stable if Q(����) > 0,
since, in that case, Q(����) has eigenvalues with positive real
part. However, to prove the local asymptotic convergence of
e to zero, we need also to show that s � s� never belongs to
Ker((WL)+W).This means that a neighborhood U of ���� exists such
that e = (WWWLLL(������))+WWW (s � s�) 6= 0 8��� 2 U (i.e., e = 0 only if
s(���) = s�). Let us suppose that s(���) 6= s�, and therefore, ��� 6= ���� = 0.
If we compute the Taylor development of s(���) (second order) in a
neighborhood of ���� = 0 and multiply both sides of it by W, we will
obtain the following equation:

W(s� s�) = L(����)W��� +O2(���): (15)

Multiplying by ���T (WL(����))
+

both sides of (15), and knowing that
���T (WL(����))

+
6= 0 since ��� 6= 0 and WL(����) is full rank, the fol-

lowing equation is obtained: ���T (WL(����))
+
W(s � s�) = ���TQ��� +

O3(���).
Remember that Q = (WL)+WLjs=s . If Q =

(WL)+WL)(����) > 0, then ���TQ��� � 2�k���k2, where
� > 0 is the minimum singular value of the positive definite matrix
Q + QT . As ���T (WL(����))

+
W(s � s�) = 0 when s = s�, then

0 � 2�k���k2 + O3(���), that means k���k2 � jO3(���)j, which is
impossible, since by definition of O3(���), a neighborhood of ���� exists
in which k���k2 > jO3(���)j.

Therefore, eee = (WWWL)+WWW (sss�sss�) 6= 0 if s 6= s� in a neighborhood
of ���� and the system is locally asymptotically stable.
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Fig. 6. Perturbation applies to the end-effector of the Mitsubishi PA-10. (a)
Perturbation. (b) End-effector position.

IV. EXPERIMENTAL RESULTS

In this section, we consider an inspection task. Experimental results
has been obtained using a seven-axis redundant Mitsubishi PA-10 ma-
nipulator (only six of its seven degrees of freedom have been con-
sidered). The experimental setup used in this work also includes one
camera (JAI CM 536) rigidly mounted at the robot end-effector, some
experimental objects, and two computers, one of them with a Matrox
Genesis vision board, and the other with the PA-10 controller board
(Fig. 5). The goal of this experiment is to keep the robot in a refer-
ence position and orientation, in spite of the fact that a perturbation is
applied to the end-effector position of the robot (Fig. 6). The ampli-
tude and duration of the perturbation was chosen to produce that some
image features go out of the image plane during the control. This task
has been designed in order to show the validity of our approach, but it
also corresponds to a practical task. As an example, consider the task
of keeping a helicopter positioned above a desired target.

A. Invariant Visual-Servoing Approach

We compare the weighted and unweighted invariant visual-servoing
approaches using both a constant and a varying interaction matrix.

1) Constant Interaction Matrix: In this section, the interaction ma-
trix is assumed constant and computed during offline step using the
desired value of the visual features and an approximation of the points
depth at the reference camera pose. Then a perturbation is applied to
the end-effector position of the robot (Fig. 6). The goal of the control is
to keep the robot in the reference position and orientation using the in-
variant visual-servoing approach. During the experiment, one feature
goes out of the image plane [feature with (U4V4) in Fig. 7(a)]. Due
to the disappearance of this feature, a discontinuity is produced in the
control law [Fig. 7(c) and (d)], and in the robot end-effector velocities,
as well [Fig. 7(b)]. The system becomes unstable due to the loss of a
feature during the control task. In the second experiment, the new for-
mulation of invariant visual servoing with weighted features was used.
In Fig. 8(f), the weights of every feature can be seen. Some features
go out or are near the border of the image plane (features 2–4). As it
is shown in Fig. 8(b), the system is stable, even though one feature
goes out of the image plane. The control law in this case is continuous
[Fig. 8(c) and (d)]. Note that the same amount of noise is present in
Fig. 8 as in Fig. 7, but it is not visible due to the difference between
limits of the figures.

2) Variable Interaction Matrix: In this section, the interaction ma-
trix is now updated at each iteration of the control law, using the current
measurement of the visual features and an estimation of the depth of
each considered point. The depth can be obtained from the knowledge
of a 3-D model of the object [16]. Then, a perturbation is applied to the
end-effector position of the robot (Fig. 6). The goal of the control is to
keep the robot in the reference position and orientation. During the ex-
periment, one feature goes out of the image plane [feature with (U4V4)
in Fig. 9(a)]. Due to the disappearance of this feature, a discontinuity is

Fig. 7. Experimental results. Unweighted invariant visual-servoing approach
using a constant interaction matrix. (a) Image error. (b) Robot joints velocities.
(c) Rotational velocity. (d) Translational velocity.

Fig. 8. Experimental results. Weighted invariant visual-servoing approach
using a constant interaction matrix. (a) Image error. (b) Robot trajectory.
(c) Rotational velocity. (d) Translational velocity. (e) Joint velocities.
(f) Weights.

produced again in the control law [Fig. 9(c) and (d)]. This discontinuity
is not enough to make the system become unstable. In the second exper-
iment, the new formulation of invariant visual servoing with weighted
features was used. In Fig. 10(d), the weights of every feature can be
seen. Some features go out or are near the border of the image plane
(features 3, 4). The system is stable, even though one feature goes out of
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Fig. 9. Experimental results. Unweighted invariant visual-servoing approach
using a variable interaction matrix. (a) Image error. (b) Robot joints velocities.
(c) Rotational velocity. (d) Translational velocity.

Fig. 10. Experimental results. Weighted invariant visual-servoing approach
using a variable interaction matrix. (a) Image error. (b) Rotational velocity.
(c) Translational velocity. (d) Weights.

the image plane. The control law in this case is continuous [Fig. 10(b)
and (c)].

V. CONCLUSION

In this paper, a possible solution for the singularities produced in
vision-based control by the appearance/disappearance of image fea-
tures has been presented and tested. The new approach can be used to
improve both standard image-based and invariant visual-servoing ap-
proaches. Contrary to the approaches based on constrained movements
of the camera to ensure the visibility of features during the control and
on zooming to keep their visibility, the solution presented does not con-
strain the camera movements, and allows us to control the zoom with
another purpose. The camera trajectory is closer to the optimal one than
the one produced by the other approaches.

In the case of the invariant visual-servoing approach, we have had to
modify it to support the use of weighted features. Also, the local sta-
bility of it in a neighborhood of the equilibrium point has been proven.
However, to estimate accurately the size of this neighborhood is not
an easy job, since it depends on the uncertainties of the system param-
eters. Finally, this promising solution of the visibility issue has been
tested with a six-degree-of-freedom eye-in-hand system composed of
an industrial robot and a microhead camera.
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